
Ordinary Differential Equations - ODES

Differential eq's are super important in physics ,

e.g . Newton 's 2nd Law
, Schrodinger eq= ,

heat eq
: etc

ODE - single independent variable ( time or position )

PDE - multiple independent variables ( time and position , say ,

or two spatial variables )
Three main types of ODE 's

e) Initial value problem ( Ivi ) : time - dependent eq=s
need knowledge of function at specified time

e.g.
F= ma

2) Boundary value problem : require knowledge of

boundary conditions e.g .

Laplace eq
"- in l -D

3) Eigenvalue problem : Sof exists only for

selected parameter values . E.g . Schrodinger eq=

Systems of ODES and /✓Ps

E.g. Consider the simple harmonic oscillator (SHO )

F-- ma

- Kx = indx mix = - Lex
dtz



Can rewrite this 2nd order ODE as

two first-order ODES
a

g. = ✗ ya
_= dx = I = y ,

position → It →

velocity
-

2- ✗ = - km y , = d2x = dyz = iyz
It' It

we get a system of equations
y• , = yz
ifz = - Im Yi

that are solved given initial ( t=o) position y.co )

and velocity yzlo) .

In general , ODE of
any order n ( involving d¥f )

can be written as a set of a
first - order ODES

.

often written in vector form

dj_ =
f- (Jst )

dt

where g-=/ y ,
and I = f. (Jst ) = f.ly , ,y , , . . - Yu , t )

yz ) ( fz(5,t ): :

yn f. ( jst )



For SHO example

y ,
= X f

,
= yz

yz
= d_y , fz= - km Ky ,
Dt

(Note : independent variable )
does not have to be time )

Formally , we can write sof as -
t

g-(t) = j( to ) + f dÉf( g- (E) , t
'

)
to

Problem is RHS requires g- for all t , but that's
precisely what we need to find

,
and so we

approximate the integral .

Euler Method

Consider discretization of indep . var
.

St = h=ti+ ,
- ti so that

gti" dtiflyct ') , E) = stfl g-( ti ) , ti )
ti

- equivalent to left-side rectangle rule

then

g- Lt :-, , ) = g-(ti ) + stflylti ) , ti )

or Jin - Ji + hFi or yi+ ,

=

y ; + hfi
just

Ivan Saika-Voivod



→

= dyican rewrite jiy : = fi
It } from ODE itself

which is just the forward difference approximation

Example : SHO

d = -0

w f
,

= -0 = yz
dt

a:( E) =L -⇐ x ) f-z= -km x
D= = - Im ✗

It T T = -Imy ,
5 f-

Euler : ✗ (t+st)= ✗ (t ) + stott )

vcttst)= vlt ) - St E. ✗
or

✗it ,
= Xi + her.

Vin = Vi - h km Xi

show spring- enter.cpp results gnuplot spring . gnu

→ Sok not good , as amplitude and energy grow in
time

E = Emv
'
+ ÉKXZ should be constant

dd¥ = É = mvÑ + kxri = v1 ma + kx ) = o
-

ODE ma = - Kx

É = o → E = constant ( for exact so /=)



Truncation error - recall forward difference

dyi = Yiu - yi + 01h )
dt T

so for Euler we get ( vote d¥
'

= fi )

yi+ ,
= Yi + hfi + hoch )

=

g ; + hf; e 0142 )

For N = ¥to steps to get from initial to final

time
,

h

total error is NO/h ') = 014)

"

accurate to first order "

" first - order method "



Midpoint Method or Modified Euler

Recall centred difference jct ) = yt÷÷tzt ) + 01st)

or jet) =yt¥t I + duty

or jct + E) = yCt+st÷yt + dcst ' )

solvefor

ylt+st) ylttst) = yet ) + styct-s.tk ) + 01st } )

=

ylt ) + st flt + Stk ) + dcst3) *

-

gain an order of accuracy if we can evaluate
f at the midpoint

- Use Taylor expansion of f to estimate midpoint value

ylttst) -- yet > + stfnfct ) + It ¥+41 + 01st
') ] + Ocsts )

9

g. Its tilt )

=

ylt) + stjlt ) + s¥ ijlt ) + 01st
' )

→ Need only a first - order approximation to fctt )



* ylttst )=yCt) + stffylttstlzl, + + Sts) + O(st3 )

try ycttstiz> = yet) + s§f( yet), t ) + 0 Cst
')

( ↳
dd¥H) CODE )

>

This is an Euler step

call sy
= stfcglt ) , t )

flyltl-isywt-sthj-flycts.tl + s§¥y + of
Jt

+ 01st2)

= flyltbtl-s-tffcycti.tl?yfi-g-f ] + 01st ' )
ODET

,

= Hyatt ) + ¥1 ¥- day + 0¥ ] + 01st
'

)
-

It works ! ¥
,

= f- + stdf + dcstz )

write scheme as sy
= stfcyi , ti )

yi+ ,

= Yi + stflyi + jsy , ti + Est )

E.
g. SHO

I = no { Kim =L in

v. = - km ✗ spring-midpoint - Cpp

Euler Midpoint

✗n+ ,
= Xu + stun Xn+ ,

= Xu + strrmid

vi. + , = Vu - It Xu Vu+ ,
= Vu - It ✗mid

show code where ✗mid
= Xu + stlz Vu

- two extra lines , more stable

- still unstable at large times Vmid = Vu - stlz Xn



Another way of writing out the midpoint scheme ,
closer to how it would appear in code is

Ymid
=

Yi + hf;I

fit ,
=

yi + hflymid , ties -42 )


