
Ising Model

At low T
,
some crystalline solids are magnetized

- have non - zero magnetization Ñ This arises
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We can use MC simulations of model spins to study such materials .

To get the thermal average at some T
,
we need

< Ñ > = in < 25 ; > or < IÑI > =

In { 12%1 >
i i

Scalar 70

where < . . . > is an average over many Mcs .

#MCS
>

im > = '- I Mx
#MCS ✗=c

At low T
,
interactions tend to align spins → NT -1-0

At high T, 3 ; randomize → Ñ = 0

As T varies
,
the system undergoes a phase transition at Tc
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Heisenberg model : IÉI ' 1
,
but can point in any direction (3D)

si = -1-1 ( 5 ; = ± E)Ising model :

spins point along Z , either up or down :
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M = (Nr - Ny )/n Np #of up spins



for T > Tc
, Np = N

,
→ M = o

o < T < Te
,
Ni > Ny ( or Ny > Np )
M > 0 M < 0

no preferred direction : 1M / > o
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Why do spins align? Exchange interaction

→ QM in origin
→ short-range interaction , usually
only between nearest neighbours (NN)
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i Jij - exchange constant

sum over NN pairs between spins i and j
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Jij=J if all spins are the
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for a 2D Square lattice L×L spins
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- double counted interactions with double sum

→ hence divide sum by 2
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MC allows us to quantify effects of T

energy of interaction → align spices

thermal energy
→ sample unfavourable spins

configurations

→ generate many spin configurations at a particular
T and average

Procedure

1) Initialize spins on all lattice sites

( randomly up or down , or all up say )

2) Choose a spin at random to flip
or keeps E the same

3) If flip lowers n the energy , accept the new state .

If flip increases the energy , accept the new

state the probability p
= e-BSE

.

If not accepted , retain original configuration .



4) update M
,
E and any other quantities

- accumulate averages

5) go back to step 2 many times
until you've

i

run long enough
"
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"
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- good statistics

report MCT)
,
ECT) etc

6) change T and repeat ( from step 2)

Note : surfaces will strongly affect system properties
for small systems

- and we want bulk properties
→ use periodic boundary conditions

for 2 ✗ L square lattice
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Using the MC procedure will generate a sequence of

configurations , values of M
,
values of E

- do not use first part of sequence while system
is

Do not use
average this
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,
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then use sweeps N÷ -11 to NA
to get 2 . . . > (averages )

Quantities of interest are
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✗ n ✗ n

N finite

magnetic
susceptibity a)(
( per spin ) > -1
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We expect ✗ and Cv to diverge at -1=1 in

thermodynamic limit (w →a) .

For finite N
, divergence becomes
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2D Ising model can be solved analytically
(w → a) Tc = Tz )

= 2.269 I
KB

Note on SE - for single spin flips , only
interactions that include proposed spin

contribute to change in system energy

can define Ej = - J Sj ( Sup + sdowu + bright + Sleft )
t to
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AE = Efinal - Einitial = Ej - Ej = - Ej - Ej = - 2Ej

Ej can take on 5 values -4
,
-2
,
0
,
2
,
4

Ji
.
If Ej 30 , accept the proposed flip

If Ej < 0
,

- SE =2Ej and acceptance

probability is - AE/
k☐T = EZEJ /kiste

and acceptance probability is T oops

There are only 2 such probabilities :

- 851k,zT
- 4J/letzte

and e

These values can be stored to avoid frequent
recalculation .


