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ABSTRACT

A diagnostic circulation model is developed for application to coastal regions. The three-dimensional velocity
field can be calculated from a specified density field and wind-stress distribution provided transport is given on
boundaries where f/H contours enter the model domain (here f'is the Coriolis parameter and H is the ocean
depth). The model is an extension of that of Mellor. It includes the effect of vertical mixing and bottom friction
and avoids explicit calculation of the JEBAR (joint effect of baroclinicity and relief) term, which can be noisy
when a realistic density field is combined with realistic topography. The model can also be used in regions of
closed f/H contours. An application of the model to Conception Bay, Newfoundland, illustrates the ease of
calculation and yields comparisons with the more classical technique of dynamic height analysis.

1. Introduction

Historically, there has been much effort applied to
the problem of indirectly determining ocean currents
from measured ocean properties. Indeed, the devel-
opment of modern oceanography can be traced to the
“Scandinavian school” and the development of dy-
namic height calculations for inferring velocities
(Sandstrém and Helland-Hansen 1903). However, the
method suffers from a number of limitations, partic-
ularly in regions of variable bottom topography. In this
paper, we shall develop and test a numerical model
that can easily be applied to density data to infer a
consistent velocity field, no matter what the nature of
the bottom topography.

The basic approach at the heart of the dynamic
method comes from assuming that the flow is geo-
strophic and hydrostatic. The thermal wind equations
can then be used to calculate the velocity field so long
as the velocity is known at some reference depth. Often,
a level of no motion is assumed and the velocities are
calculated relative to this depth. Clearly, problems arise
if the ocean is shallower than the depth of the assumed
level of no motion. A number of methods have been
suggested for getting around this problem. The first,
due to Helland-Hansen (1934), involves extending
isopycnals horizontally under the bottom of the ocean
from their point of intersection with the slope. This
ensures that the geostrophic velocity at the bottom is
zero if the level of no motion is deeper than the depth
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of the ocean bottom. It follows that the approach is
formally equivalent to the methods of Montgomery
(1941) and Csanady (1979) since these take the as-
sumption of zero bottom geostrophic velocity as their
starting point. Montgomery (1941) argued that this
was reasonable by pointing out that bottom friction
will tend to keep the bottom velocities small compared
with those above. Csanady (1979), on the other hand,
used the assumption of no alongshore variations to
force the bottom stress to be zero. If this is parameter-
ized in terms of bottom geostrophic velocity, it follows
that this too must be zero. An alternative method is to
extend isopycnals along their last observed slopes. This
method, which is wrongly attributed to Montgomery
(1941) by both Reid and Mantyla (1976) and Tabata
etal. (1986), appears to have been introduced by Sver-
drup et al. (1942) and later modified by Groen (1948).

Both of the extrapolation techniques just described
run into difficulties in regions of irregular bottom to-
pography. For example, where there is a ridge, the den-
sity field on each side of the ridge may not match,
making extrapolation difficult. Also, the method suffers
from the fundamental difficulty that a level of no mo-
tion does not, in general, exist in the ocean. Indeed, in
many regions flow has been observed to be in the same
direction at all depths with near-bottom velocities being
a significant fraction of those above. An example is
provided by Schmitz ( 1980) for the recirculation region
of the Gulf Stream and, more recently, by Lazier and
Wright (1993) for the Labrador Current system. In
addition, the restriction of these methods to geostrophy
is clearly limiting, especially in shallow regions where
vertical mixing, bottom friction, and wind stress are
likely to be important. One solution to these problems
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FIG. 1. The bottom topography of the northeast Newfoundland Shelf showing the location of Conception
Bay. Depth contours are in meters. The model domain at a resolution of 0.5 km is shown in the panel. The:

scale in the panel applies to the model domain.

is to use a diagnostic model that solves the equations
of motion with these effects included. An early example
is provided by the work of Holland and Hirschman
(1972), who ran the numerical model of Bryan (1969)
with the density field prescribed from an analysis of
data collected in the North Atlantic [in fact the fore-
runner of Levitus (1982)]. A problem with calculations
of this kind is that the JEBAR term (the joint effect of
baroclinicity and relief) is often very noisy. To get
around this, Rattray (1982) suggested working with
bottom pressure rather than a volume transport
streamfunction. On the other hand, Mellor et al. (1982)
replaced the volume transport streamfunction by a new
variable such that on an fplane the JEBAR term is
completely absorbed and is never explicitly calculated.
These authors describe an application of their method
to the North Atlantic circulation. Kantha et al. (1982)
used the same method to perform a diagnostic calcu-
lation of the circulation in the South Atlantic Bight.
The model can include the effect of wind stress but

does not include vertical mixing or bottom friction [ al-
though Herring and Kantha (1990) introduced these
effects by using the model iteratively]. Also because
the model integrates along f/H contours, where fis
the Coriolis parameter and H is the depth of the ocean,
it cannot deal with regions where these contours are
closed. This is also a problem with Rattray’s (1982)
model.

The model to be described in this paper is an exten-
sion of that of Mellor et al. (1982). It takes advantage
of their change of variable to deal with the JEBAR
term but includes the effect of vertical mixing, bottom
friction, and surface wind stress and can also deal with
regions of closed f/ H contours. It can be applied in
any coastal region and requires only knowledge of the
density field, bottom topography, and wind stress and
also the vertically integrated transport where f/ H con-
tours enter the model domain. Its principal limitations
are that the bottom stress must be expressed in terms
of bottom geostrophic velocity (Csanady 1982) and
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FI1G. 2. The Arakawa B-grid arrangement used in the model.
Variables are defined in section 2 of the text.

also that it cannot be applied in regions where either
S or the density field exhibit large variations (this is
discussed at the end of section 2). This means that
although the model is suitable for use in shelf regions
such as the Newfoundland/Labrador Shelf, it is not
suitable for a diagnostic calculation of the entire North
Atlantic circulation. In this paper, we describe its ap-
plication to Conception Bay, Newfoundland, using
density data collected as part of the Cold Ocean Pro-
ductivity Experiment [a description of the physical
oceanographic data collected as part of this project can
be found in deYoung and Sanderson (1992)]. Current
meter data are used to provide the boundary condition
at the mouth of the bay and data from the interior are
compared with the model results.

Aside from the work of Mellor et al. (1982) and
Rattray (1982), another diagnostic coastal circulation
model that should be mentioned is that of Lynch et
al. (1992). Rather than use a volume transport
streamfunction, as we have done here, this model infers
the barotropic component of the flow by using a finite-
element method to solve for sea level. The restriction
to steady state is relaxed by solving the equations in
frequency space.

The plan of this paper is as follows. Section 2 de-
scribes the model and section 3 the method of solution.
The data from Conception Bay are described in section
4 and the application of the model using these data in
section 5. Section 6 provides a summary and discus-
sion.
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2. The model

The model to be described is diagnostic in that it
calculates the 3D velocity field from a specified density
field and wind-stress distribution. It is an extension of
the model of Mellor et al. (1982) and Kantha et al.
(1982) to include the effect of bottom friction. The
latter is parameterized in terms of the bottom geo-
strophic velocity (Csanady 1982). As is well known,
the JEBAR term (Sarkisyan and Ivanov 1971) can be
very noisy in calculations that combine a realistic den-
sity field with realistic bathymetry (Mellor et al. 1982;
Rattray 1982). To avoid this problem, a new variable
is defined in place of the volume transport stream-
function in such a way that the JEBAR term is com-
pletely absorbed and never explicitly calculated. This
is the principal advantage of the method. We assume
steady flow and neglect the local time derivative and
nonlinear advection terms from the momentum equa-
tions. The appropriateness of these assumptions for
the case of Conception Bay is discussed in section 4.

The model uses coordinates (x, y, o), where x is
measured across the bay, y along it, and ¢ = z/H,
where H(x, y) is the depth of water and z is measured
vertically upwards with z = 0 at the sea surface and z
= —H at the bottom. In these coordinates, the govern-
ing equations are

1 dp oH 1 d du
=P e 2,
P Hzaa(”aa) ()
1 dp oH 1 8 /[ ov
=—=-Z 5, Z 2L ZE) 2
fu== T H2aa(”aa) 2
aP
0=———p.bH (3)
do
P P
S um+2om+Lem-0. (@
ax ay o
where
1 OH  oH
=—\w—olu—+0v— 5
Q H[W “("aer”ay)} (5)
and
b=2(0-0. (6)

Here u, v, w, and Q are the velocities in the x, y, z,
and ¢ directions, p is the perturbation pressure, p, is a
representative density for seawater, v is the vertical eddy
viscosity, g is the acceleration due to gravity, p is the
density, b is the negative of the buoyancy, and p, is the
horizontally averaged density at each depth z. The Co-
riolis parameter fis assumed to be a uniform constant,
as is clearly reasonable for a bay the size of Conception
Bay. It should be noted that because we are using o as
the vertical coordinate, the horizontal pressure gradient
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F1G. 3. The CTD stations, indicated with solid stars, used to compile the density data. Mooring
locations are indicated with crossed circles. The 1989 moorings are given the designation M (near
the mouth) and the 1990 moorings H (near the head).

terms in (1) and (2) appear as the difference between
two terms. Because these terms can be large compared
to their difference (e.g., Haney 1991), significant error
can result. This is why we use b rather than p in the
hydrostatic equation (3). By subtracting off the hori-
zontally averaged density, the error is significantly re-
duced. We shall discuss this point further in sections
3and 5.

At the sea surface (¢ = 0) and bottom (¢ = —1) we
have the following boundary conditions. At both ¢
=0 and 1,

Q=0. (7)
Ato =0,

I (du odv 1 :

— _ — | = — X y

Hy(ao' ’(90') 0(759 Ts)9 (8)
and at o = —1,

b (Qu vy 1

Hy(é)a , 00) pa(‘fb, Th). (9)

Here (7) is the kinematic condition. In (8) and (9),
(7%, 7¥) is the surface wind stress and (7}, }) is the
bottom stress. A linear parameterization is used for the
latter in terms of bottom geostrophic velocity (1, Vgs),
that is,

7y = (73, 75) = por (Ugs, Vgs). (10)
It should be noted that for the method of solu-
tion to work, the bottom friction can be any linear
function of (u,, vg). In particular, the direc-
tion of 7, can be rotated through some angle
from that of (u, v.) [see Csanady (1982)]. For
simplicity and given the limitations already in-
herent in our model, we shall not ¢onsider this ef-
fect here.

The problem that must be overcome by an in-
verse model is how to calculate the barotropic com-
ponent of the flow. To see how this is done we first
vertically integrate (1) and (2) to obtain, using (8)
and (9),
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FIG. 4. (a) Density (sigma 1) along the axis of the bay, 25 April 1989.
(b) Density (sigma ¢) across the bay, 25 April 1989. Station locations are shown in Fig. 3.

1 (8 (° OH [° - - °
—ft')=——{&f_]pda+po—5;f_l bada] @9 = [ w vde. (13)

. . Also, vertically integrating (4) and using (7) enables
+ o H (75 =73) (11)  us to define a volume transport streamfunction with

_ 1(d (° 8H (° uH = —y,, OH = y,. (14)
fu=——{—f pda+po—f bada] . . )
y J-i ay J-i Taking d/dx of (12) minus 8/dy of (11) now gives

P AN RN AN N
o ug) S 5 ()

where + JEBAR, (15)
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where JEBAR is given by

1
=Jl & —|: 1
JEBAR J( , ) (16)

J(A, B) is the Jacobian operator defined by

04 0B 0A 9B
JA,By=————+——,
( ) dy dx dx dy
and & is proportional to the potential energy per unit
area of the water column and is given by

0
<I>=H2f bado. (17)
~1
We now follow Mellor et al. (1982) and Kantha et
al. (1982) and introduce a new variable X defined by

x=y—2/f (18)

Since we are working on an fplane, it follows imme-
diately that (15) can be written as

S\_L[8 (1i=r\ 3 (mi-7i
(i) a5 ) s () o0

The JEBAR term has now been completely absorbed
into the left-hand side of the equation. By working with
the variable X, rather than ¢, we avoid having to cal-
culate JEBAR explicitly and hence the problems with
noise usually associated with this term (see Mellor et
al. 1982).

We must now express the bottom friction (73, 73)
in terms of X, b, and the surface wind stress (73, 73).
Since the latter two variables are known inputs to the
model, we can then solve (19) for X. The potential
energy can be calculated from the input density field,
so once we know X we aiso know ¢ from (18) and
hence the barotropic flow components # and ¥ from
(14). We begin by differentiating ( 18) to obtain, using
(14),

(20)

Writing & in terms of z coordinates as

$ = f zbdz,
-H

the thermal wind relation and integration by parts can
be used to show that

1 -

: H—f‘byz—TybH‘f‘ugb—ug
, (21)

1 H, —

H—fq)xz_‘i‘by"l)gb‘i‘vg
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where by is the value of b at the seafloor, z = —H.
Here (u,, v,) is the geostrophic velocity defined by
o 1 dp 0H
ey = -
& » 0X ox
) (22)
p 1 dp 0H
Uy = ——— — bo—
£ pody ay

and overbar denotes vertical average. Substituting into
(20) and eliminating (& — iy, D — Ug) using (11), (12),
(22), and (10) we now get

Xy _ 18 _rve Hbu
H pfH fH [ 8
Xy o rug,  Hyby

H poJH fH f

from which we obtain the following expressions for
and v, in terms of X, (73, 7¥) and b

1 X, Ty H by
w5t )
T )]
H p.fH f
1 P 7¥ H,by
”g":<1+e2)[(‘ﬁ+poff1_ 7 )
_5(-%—ﬁ+}l}b”)], (23)

where ¢ = r/fH. Finally, substituting from (23) for
(7%, 72)in (19) using (10) gives

(e N, 9 ( %
ax\(1 + e)H?*] ay\(1 +HH?

o
+ J(X’ {E_ (1+ ez)Hz})

179 (%) 8 (7%
g (v e | R

where
=_6_( rH, by >+ﬁ_( rH,by )
ax\(1+ &) fH Iy \(1 + &)fH
erby )

I

3 rry i) rrd
ol ) T\ T s e
dx (1+6)prH ay (l+6)pafH
|9 erTy A erTy
ax \pofH (1 + %)) 9y \poSH*(1 +€Y))]
This is the equation we solve for X. The boundary
conditions used in the application to Conception Bay






