P6323 Stability Theory

Double-Diffusive Instability (Kundu p. 444-448 [1], Turner ch. 8 [2])

Prepared by Jennifer Wells

A double diffusive process is one that is driven by the presence of two different substances that diffuse at different rates.  Double diffusion was first explored because of its application to oceanic phenomena.  In the ocean, the density of water is governed primarily by temperature and salinity which means that the density can be given by the equation of state:
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The values of these constants for seawater are given on p. 36 of “Introduction to Geophysical Fluid Dynamics” by Benoit Cushman-Roisin [3] as:

α = 1.7 x 10–4 K-1 (rate of density decrease with temperature, i.e., cold water is heavier than hot water) and β = 7.6 x 10–4  (rate of density increase with salinity, i.e., the saltier the water the more dense it is)

Here, ρo, To, and So are reference values of density, temperature and salinity that have values of ρo = 1.028 g/cm3, To = 10oC = 283 K, and So = 35 o/oo.

The main point to consider in this type of instability is that heat diffuses into water about 100 times faster than salt does.  Therefore, the thermal diffusivity (κ  = 1.42 x 10-3 cm2/s at 20oC) is much larger than the diffusivity of salt in water (κs   = 1.5 x 10-5 cm2/s at 20oC).

The two simplest cases of double-diffusive instability are salt fingers and diffusive layers.  Both of these cases involve the stable stratification of one component of density (in the case of the ocean either salt or temperature) and the unstable stratification of the other even though overall the net density is stably stratified (dρ/dz < 0).  This means that even though the systems may be stably stratified in density they can still be unstable.  Our two cases occur depending on whether the component with the highest diffusivity has a stratification that is stable or unstable.

The first case we’re going to look at is salt fingers and then we’ll get back to diffusive layers.

Salt Fingers

Salt fingers have been observed in nature in such places as the central waters of sub-tropical gyres, the western tropical North Atlantic, and the north-east Atlantic beneath the out flow from the Mediterranean Sea.  Salt fingers occur when the component that diffuses most quickly (in our case temperature) is stably stratified (dT/dz > 0) and the component that diffuses slowly (which in this case is salt) is unstably stratified (dS/dz > 0) but the overall density is stably stratified (dρ/dz < 0). 
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Figure 1:  Salinity, Temperature and Density gradients needed for the formation of salt fingers.

Physically, what we have in this case, is a layer of hot salty water on top of a layer of cold fresh water (figure 2a).  First we can consider a perturbation occurring that displaces a fluid parcel downward (figure 2b). The displaced fluid parcel is now surrounded by water that is cooler and fresher than it is and so it loses both heat and salt to the surrounding fluid.  But, since the heat diffuses much more quickly than the salinity, the net tendency is for the parcel to increase in density.  This means that the particle then continues to move downwards (figure 2c).  Now, at the same time the water surrounding the fluid parcel gains heat from the descending finger and experiences a net decrease in density.  This makes the surrounding fluid move upward.  Eventually, the region becomes filled with these fingers moving in alternating directions (figure 2d).
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Figure 2:  Schematic representation of the formation of salt fingers.

An experimental demonstration of the phenomenon of salt fingers similar to the one we preformed in class can be found at: http://taylor.math.ualberta.ca/~eifl/teaching/saltfingers/index.html [4].   For the demonstration we preformed in class (figure 3), we were able to make an estimate of the density difference between the two layers in the following way.   For the bottom layer in this experiment, we used fresh water which has a known density of 1 g/cm3 at room temperature.  To determine the density of the top layer however we must use equation (1).  For this experiment, we used boiled water with a temperature of approximately 98oC and can assume the reference temperature is that of the room (approximately 20oC). To create our salty upper layer, we used ½ of a gram of salt in 250 ml of water giving a salinity of 2 o/oo for this layer.  In a laboratory setting we can assume that the reference point for salinity is 0 o/oo.  Using our previous values of α = 7.1 x 10–4 (oC) -1, β = 8 x 10–4 (o/oo)-1 and ρo = 1 g/cm3 we can now use equation (1) to estimate the density of this layer to be 0.946 g/cm3.  This means that in our demonstration, we had a density difference of approximately 0.054 g/cm3, a temperature difference of approximately 78 oC and a difference in salinity of approximately 2 g/L.
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Figure 3: Photograph of demonstration performed in class that shows the formation of salt fingers.  (1) Fresh salt fingers.  (2) Old salt finger remaining in fluid from a previous experiment.

Criterion for Instability

We can now derive a criterion for instability.  First we generalize the analysis of the Benard convection to include salt diffusion.  We assume a layer of depth d confined between stress-free boundaries.  We also assume that both the density and salinity are constant.
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Figure 4:  Definition sketch for salt fingers [1].

If you derive the perturbation equations for the normal modes of the system but this time include salt diffusion we get this set of equations:
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Here ŝ(z) is the complex amplitude of the salinity perturbation, 
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is the complex amplitude of the temperature perturbation, D is the derivative with respect to depth (d/dz), K is the magnitude of the horizontal wavenumber (
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We can also define:
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(6)

Note the negative sign in front of Ra in equation (4), which differs from the perturbation equations for last class.  This negative sign shows up here because Ra is defined to be positive for a top-heavy situation.

You can see from equations (2) and (3) that the equations for T and (κs / κ) ŝ are the same.  Since these variables also have the same boundary conditions namely that:
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We can also say that 
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So now we can rewrite equations (2) and (4): 
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(7)

This set of equations is now identical to the set for Benard convection with the exception that Ra in those equations is now replaced by (Rs - Ra).  

We saw in the last lecture that for stress-free boundaries like we have in this case we have a critical value of:
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Using equations (5) and (7) we can rewrite this as:
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You can see from this equation that even if 
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 as is the case when the density is stably stratified this condition can still be satisfied.  This is because κs is much smaller than  κ.  All you need to do to create an unstable flow is to ensure that the term in brackets [*] in the above equation remains positive and that d is large.

This analysis predicts a lateral cell width of d but cells this wide aren’t observed when (Rs - Ra) is much greater than 657.  Instead we see the long thin salt fingers.  Finally, if the salinity gradient is large, a deep layer of salt fingers will become unstable and break down into a series of convective layers with fingers occurring at the interfaces.  This occurs because as the salt finger increases in length the salt contained in the finger will slowly diffuse into the surrounding layer creating a situation where the finger has a density similar to that of its surroundings.  At this point the decent of the fingers will halt.  The presence of the fingers combined with shear motions act to create a mixed layer from the fluid in which these fingers had moved.  The temperature and salinity of this mixed-layer however is still higher than that of the fluid beneath it.  This means that the process can repeat itself, providing that the initial temperature and salinity gradients were strong enough.   
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Figure 5:  Schematic representation of the formation of multiple layers of salt finger when initial temperature and salinity gradients are strong.

The presence of these interfaces can be seen in the ocean where staircase-shaped vertical distributions of salinity and temperature (with dS/dz > 0 and dT/dz >0) are often observed.
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Figure 6:  Staircase-shaped salinity and temperature gradients which, when observed in the ocean, can signify the presence of salt fingers.

Diffusive Layers / Oscillating Instability

Diffusive layers are less commonly seen in nature than salt fingers although they have been known to form naturally, usually at high latitudes.  In the case of salt fingers we had the situation where the faster diffusing component was stably stratified and the slower diffusing component was unstably stratified.  The opposite is true for this case.  Here the slowly diffusing component, namely salinity, is stably stratified (dS/dz < 0) and the faster diffusing component, in this case temperature, is unstably stratified (dT/dz < 0) but the overall density is still stably stratified (dρ/dz < 0).  
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Figure 7:  Salinity, Temperature and Density gradients needed for the formation of diffusive layers.

This means that in this case we have a layer of cool fresh water on top of a layer of hot salty water.
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Figure 8:  Physical situation required for the formation of diffusive layers.

If a perturbation occurs which displaces a particle upwards, the particle loses heat but not salt.  Thus it becomes heavier than its new surroundings and buoyancy forces it back downward generating an oscillation.  Less than perfect heat conduction however, causes this oscillation to grow.

For example, take the case where we have a fluid with a stable salinity gradient and uniform temperature that is heated from below.  Initially, growing oscillations begin near the bottom of the fluid.  As heating is continued beyond the initial appearance of this instability however, a well-mixed layer develops which is capped by a step in salinity and a step in temperature but no density step.  The heat flux through this temperature step forms a thermal boundary layer.
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Figure 9:  Salinity, Temperature, and Density gradients occurring at an intermediate stage of the formation of diffusive layers. [1]

As the well-mixed layer grows by incorporating fluid from the region above it, the temperature step across the thermal boundary layer becomes larger.  Eventually, the Rayleigh number across the thermal boundary layer becomes critical, and a second convecting layer is formed on top of the first.  
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Figure 10:  Salinity, Temperature, and Density gradients which signify the presence of diffusive layers [1].

This second layer is maintained by heat flux, and negligible salt flux, across a sharp laminar interface between the layers.

The process then continues until a stack of horizontal convecting layers forms one on top of the other.

[image: image48.jpg]Statically
Unstable

Stable
(shaded)




Figure 11:  Series of horizontal convecting layers formed through diffusive layering. [1]

We can now look at a summary of these instabilities.
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Figure 12:  Graphical summary of these instabilities.  [2]

On this plot, the dotted line PQ represents 
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.  All points to the right of this line represent the case where density is stably stratified and all points to the left represent the situations when density is unstably stratified (for example where we have thermal instabilities).  Since this line represents the boundary between stable and unstable density stratifications, the density gradient at all points along this line should equal zero.  We can prove this equality using our equation of state:
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multiplying both sides by 
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The shaded region of this graph represents systems that are stable and do not experience instabilities.

The line XZ arises from the solution to the stability analysis that we performed in class. In that analysis, we assumed that the imaginary part of the growth rate ((i) was equal to zero when we solved the eigenvalue problem.  From this analysis we calculated a critical value for stability to be given by the equation 

(Rs - Ra) = 657   (   
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XZ represents the line given by this critical value.  The space then created between the lines PQ and XZ represents a region that would otherwise be statically stable except for the effect of double diffusion which instead causes the formation of salt fingers.  

If we now resolve the eigenvalue problem, this time without the assumption that (i = 0, the growth rate of the perturbation will include oscillatory behavior and we will get the following equation (represented by XW)
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This is in fact the case in which we see the development of the oscillating instability.  The region on the graph between the lines XV and XW then represents this case.

Finally, double diffusion is also responsible for another interesting occurrence that is seen in the ocean.  The phenomenon occurs when a mass of water with an initially uniform temperature and a stable linearly stratified salinity gradient is cooled or heated from the side.  This case represents an interesting effect of double diffusion in that it simulates what happens in the water surrounding an Iceberg.

First, considered a region of the ocean with a linearly stratified stable salinity gradient (i.e., deeper water saltier than upper water) at a uniform temperature with a stable overall density stratification.  Next we introduce a cooling influence from the side.  
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Figure 12:  definition sketch for the formation of diffusive layers in the vicinity of an iceberg.
Since heat diffuses much faster than salt a parcel of water next to the iceberg will lose heat but not salt to the surrounding fluid and so it will become dense and begin to move downward (figure 13a).  Since the water not immediately adjacent to the iceberg is continuously stratified, the cooled water eventually reaches a depth where its density is the same as that of the warmer, saltier water away from the ice and so its decent is halted.  This parcel of water is then pushed horizontally away from iceberg as the water above it experiences the same motion (figure 13b). Eventually, several horizontal layers form, each with a nearly uniform density (figure 13c).  
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Figure 13:  Schematic representation of the formation of diffusive layers in the vicinity of an iceberg.

Figure 14 clearly shows the horizontal layers (figure 14 (1)) that form in a stable continuously stratified fluid after the addition of a sheet of brass that had been cooled with liquid nitrogen (figure 14 (2)).
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Figure 14:  Photograph of demonstration performed in class that shows the formation of diffusive layers in the vicinity of an iceberg.  To observe the formation of these layers, potassium permanganate is sprinkled on top of the fluid.  Since the potassium permanganate is heavier then the fluid, it sinks, leaving streaks of color.  (1) The streaks of color were seen to move away from the sheet of brass indicating the presence of diffusive layers.  (2) Sheet of brass that had been cooled using liquid nitrogen to simulate the presence of an iceberg.

These layers can extend for long distances away from an iceberg and so we can see that the presence of icebergs can greatly effect oceanic circulation. An experimental demonstration of the phenomenon of the formation of diffusive layers in the vicinity of an iceberg similar to the one we preformed in class can be found at: http://taylor.math.ualberta.ca/~eifl/teaching/doublediff/ [5].  
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