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FIGURE 17. Experimental data representing the normalized non-dimensional width H,, of the vortical 
region as a function of the normalized time T for the initial stage (T < 1). The solid line represents the 
dependence (25) with the estimated value $o = 1. Experimental parameters are listed in table 2. 

At 7 = 1 the initial stage is over, the primary vortices start to interact and the 
intermediate stage begins. At this stage the interactions play an essential role, the 
motion is now turbulent and $o in (25) may differ from (26). To compare the 
experimental data obtained at this stage (7 > 1) with (25), a small correction (t+At) 
was introduced into the time origin. This was done because the origin of time in the 
experiment does not coincide with the time origin of the intermediate stage at H+O. 
The measurements yield values of At  in the range &1 s, see table 2. These small 
corrections were introduced into all the data, obtained in eight experiments for 7 > 1, 
and the data were replotted according to the non-dimensional form (25). The result is 
presented in figure 18. Note that some of the scatter of the data points observed in a 
specific experiment, marked by one specific symbol, is due to the data being obtained 
in different tests under the same conditions. The solid line in this graph represents the 
estimate (25) with $o = constant. The best fit through the 65 experimental points gives 

$o = c = 0.6f0.1 for 7 > 1. (27) 

Summarizing, in a first approximation the function in (25) can be represented 
by a step-like function given by (26) and (27) for T d 1 and 7 > 1, respectively. 

It is hardly possible to estimate quantitatively the observed decrease in the value of 
$o at the intermediate stage, and only a simple qualitative interpretation can be given. 
In two dimensions there is no stretching of vortex lines and the typical size of the 
leading structures at the front of the vortical region may only increase with the distance 
from the origin. The mean propagation velocity dH/dt of the front (entrainment 
velocity) is determined by the rate of entrainment of irrotational ambient fluid into the 
turbulent region. As was pointed out above, this occurs mainly between large leading 
structures. When these structures are tightly packed, the rate of entrainment reduces, 
compared to the case of single structures, and the propagation velocity of the front 
diminishes. The fact that $o at this stage is approximately constant means that the 
structure of the front is similar at different moments of time (self-similarity). 
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FIGURE 18. Experimental data representing the non-dimensional width Ho of the two-dimensional 
turbulent region as a function of the normalized time 7 for the intermediate stage (7 > 1) for the eight 
experiments listed in table 2. The solid line represents the estimate (25) with 9, = 0.6. The dashed lines 
represent the data obtained by Dickinson & Long (1978) in experiments with a plane oscillating grid, 
for three-dimensional geometry. 

5. Concluding remarks and discussion 
In summary it is concluded that a small cylinder, oscillating in the direction normal 

to its axis, acts on the fluid as a localized force dipole. It is shown that in a viscous fluid 
the action of the force dipole gives rise to the formation of a planar quadrupolar vortex 
flow of zero total momentum. The main governing parameter for this flow is the source 
intensity M (with dimensions L 4 T 2 )  determined by (16). This permits one to define the 
non-dimensional forcing as Re = M/4nv2, where Re is the Reynolds number of the 
flow. The flow has no external lengthscale and develops in a self-similar manner: the 
length and the propagation velocity of the quadrupolar structure (marked by dye) 
change with time as L - P I 2 ,  U - t-li2 and they are characterized by the non- 
dimensional functions a(Re) and P(Re), respectively. These functions were determined 
analytically for small Re-values and experimentally for large Re-values. 

The present study also demonstrates that quadrupoles are the basic primary flow 
elements induced by an oscillating grid in a two-dimensional geometry. After the 
oscillation is started, an array of quadrupoles, distributed regularly along the grid, 
arises. Initially, at t 5 t,, where t ,  is the transition time, the interactions are weak and 
these primary structures develop independently. Later, at t > t,, the interactions play 
an essential role in the flow dynamics and the motion becomes turbulent over the whole 
width of the vortical region. During both stages the width H of the vortical flow region 
increases with time as H - PI2 .  It is shown that the main governing parameter here is 
the non-dimensional forcing, Re, as in the case of single quadrupoles, and the 
additional external lengthscale (the rod spacing do) does not enter directly into the 
dependence H(t), but is introduced indirectly via the transition time t,. 

The physical arguments and the scaling analysis used to explain the propagation 
dynamics of a two-dimensional turbulent region are general enough to be applied to 
the three-dimensional geometry as well. To demonstrate this, consider the results of 
measurements reported by Dickinson & Long (1978). In their experiments a plane 
horizontal grid fabricated from a fine woven copper screen (do = 0.155 cm, d = 
0.033 cm) was used to generate three-dimensional turbulence. This grid was oscillated 
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vertically in a deep tank with homogeneous fluid and it produced a horizontal 
turbulent layer of increasing depth H(t). The amplitude of the oscillations was fixed, 
6 = 0.475 cm, and in different experiments the oscillation frequency was varied in the 
rangef= 6.3-12.0 Hz. The transition time t,, given by (24), for these parameters is 
very short (t* N 0.02 s) and only the intermediate stage was studied. The measurements 
obtained in these experiments are presented in the non-dimensional form (25) in figure 
18 and are shown by the two dashed lines between which points obtained in other 
experiments with different frequencies are situated. It is clear that the experimental 
data obtained in the different experiments practically lie on a single line, in agreement 
with (25). This gives for in (25) 

= c3 = 1.3f0.05 for T > 1 (28) 
in the case of three-dimensional geometry. The difference in the values of q50 for two- 
and three-dimensional geometry is not surprising. In the latter case the motion can be 
considered as planar only in the close vicinity of the grid (at least, in the boundary layer 
near the rods) where no-slip conditions and viscous effects determine the amplitude of 
forcing, as given by (16). At greater distances the motion is essentially three- 
dimensional, an additional degree of freedom appears and $o changes from the two- 
dimensional case. 

To explain Dickinson & Long’s (1978) data, Long (1978) introduced a quantity 
called the ‘action’ of the grid and proposed in his qualitative theory that the flow near 
the planar oscillating grid be modelled by a system of doublets of opposite sign placed 
regularly in infinitesimal holes in a rigid plane. Long’s theory does not allow us to 
determine the dependence of the action K on external parameters : it only predicts that 
K - f. The values of K must be determined from the experimental dependencies 

Now, with the help of (8), (23) and (28), we can calculate Long’s action as 

and compare the calculated values with those (Kezp) obtained experimentally by 
Dickinson & Long (1978). This comparison is shown in figure 19. Thus, Long’s action 
acquires a clear physical sense: at the limit Re +co (/3+ const, see figure 11) the action 
is equal, in fact, to the forcing amplitude K - M / v .  This gives K - f 3/2, in agreement 
with Dickinson & Long’s experimental data. 

Finally, note that despite the good agreement shown in figure 19, one important 
question remains: is $o for T > 1 for the three-dimensional case a universal constant 
that does not depend onf, d and c, as in the two-dimensional case? But this is a separate 
problem which is beyond the scope of the present study; some results will be published 
by Long (1994) and Voropayev & Fernando (1994). 

Concluding, we must stress that the results obtained in the present paper for grid 
turbulence are valid only for fine grids, made from circular rods of small diameter and 
oscillating with high frequency and small amplitude. Only in this case can the forcing 
produced by the grid elements be considered as localized and only in this case is it 
possible to put different external parameters together and to calculate accurately the 
forcing amplitude. In most of the previous studies on three-dimensional grid 
turbulence, a grid made from solid bars of square cross-section (1 x 1 cm) was used. In 
this case it is hardly possible to obtain an analytically correct estimate for the forcing 
amplitude and different empirical dependencies without clear physical sense are used 
for these grids. That is why Dickinson & Long’s (1978) data, the only data obtained 
with fine grid, were used to verify our predictions for three-dimensional geometry. 

H = (Kt)? 

K = 2c3v Re (29) 
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FIGURE 19. Comparison of the calculated grid action K according to (29) and the experimentally 
measured values K,,, of the grid action obtained by Dickinson & Long (1978) in experiments with 
f= 6.3, 7.2, 8.8, 10.0, 11.4 and 12.0 Hz. The solid line represents K = K,,,. 
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