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Translational velocity of the starting vortex dipoles generated by the continuous or impulsive action
of a localized force is obtained theoretically on simple physical grounds. Solutions of the diffusion
equation for vorticity which take into account the translational motion of fluid particles are then
obtained and compared with the results of direct numerical simulations of vortex dipoles as well as
with the laboratory experiments. The comparison shows good quantitative agreement in both cases.
Theoretical results for the translational velocity of the three-dimensional(axisymmetric) flows such
as starting jets or vortex rings are discussed as well. ©2004 American Institute of Physics.
[DOI: 10.1063/1.1790493]

I. INTRODUCTION

Organized dipolar vortex structures are a very well
known feature of quasi-two-dimensional flows where motion
in one direction is suppressed due to one of the following
physical mechanisms: background rotation of the system,
density stratification, or geometrical restrictions such as for
the flows in thin layers or soap films. In an oceanographic
context, vortex dipoles are often called mushroom-like cur-
rents since they resemble a sliced mushroom. Vortex dipoles
are formed in a viscous fluid when a force is applied locally
to some volume of fluid. If the force acts impulsively, a
translating vortex dipole is generated. If the force starts att
=0 and then acts continuously, a starting jet with a dipole at
its front is generated. Here we call the flow in both regimes
starting vortex dipoles to emphasize the fact that the flow is
unsteady. These flows have been previously studied theoreti-
cally and experimentally by many authors(e.g., Sozou,1

Cantwell,2 Afanasyevet al.,3 Voropayevet al.4). A review of
the results as related to two-dimensional flows and flows in a
stratified fluid is given by Voropayev and Afanasyev.5 Theo-
retical solutions were obtained for starting vortex dipoles in
the Stokes approximation2,6 as well as in a weakly nonlinear
approximation5 where the next term of the expansion in
terms of a small parameter(the Reynolds number) was ob-
tained. These solutions show good qualitative agreement
with the experimental flows. In particular, the distributions of
passive tracers in the flows can be easily obtained by inte-
gration of the velocity field obtained theoretically. These dis-
tributions demonstrate a typical mushroom-like pattern
(Voropayevet al.4). The linear solutions in the Stokes ap-
proximation can also describe, in a qualitative manner, the
flows generated by multiple forces if the appropriate super-
position of the solutions is considered. The collisions of pla-
nar vortex dipoles were visualized using this method by Afa-
nasyevet al.7 and compared with experimental results8 for

interactions of planar vortex dipoles in a stratified fluid. Al-
though linear solutions reproduce the general features of the
flows surprisingly well, they fail to describe the translational
motion of the dipoles. The translational motion is due to
advection and is therefore a nonlinear effect.

In the following sections of this paper we report on the
results of the theoretical analysis of the starting dipoles,
which allows us to take into account the translational motion
of the dipoles(Sec. II). In our theoretical analysis we make a
hypothesis regarding the velocity of the dipoles based on
physical arguments and then test this hypothesis using a
comparison of the theoretical solutions with the results of
direct numerical simulations of the flows(Sec. III). This
comparison demonstrates significant agreement which
proves that the hypothesis is valid. The comparison of theory
with our laboratory experiments is reported in Sec. IV. Con-
clusions as well as a discussion of the axisymmetric flows,
such as starting jets in a density homogeneous fluid or planar
(but three-dimensional) starting vortex dipoles in a continu-
ously stratified fluid, are offered in Sec. V.

II. THEORY

Consider a two-dimensional planar flow in a viscous in-
compressible fluid induced by a localized forcing. The fluid
extends to infinity and is initially at rest. A momentum
source is located at the origin of the coordinate system. The
momentum source starts acting at timet=0 and thereafter
exerts on the fluid the kinematic momentum flux(force per
unit mass and unit depth) equal toJ=const. The dimensions
of J arefJg=L3T−2, whereL andT are the units of length and
time. An impulsive source which acts for a short period of
time delivering finite kinematic momentumIsfIg=L3T−1d
will be considered as well. The balance of momentum and
the equation of continuity for a fluid with singularity at the
origin can be presented in the form

]u

]t
+ su = du = −
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=u = 0, s2d

whereu is the velocity vector,p is pressure,n is the kine-
matic viscosity,x=sx,yd the position vector, anddsxd is the
Dirac delta function. The vectorA represents the force of
magnitudeJHstd or Idstd applied in the positive direction
along thex axis. HereHstd is the Heaviside step function.

The dimensionless amplitudes of forcing in the follow-
ing form:

ReJ =
Jt1/2

n3/2 , ReI =
I

n3/2t1/2,

have the physical meaning of the Reynolds number of the
flow.2,5 Note, that there is no natural length scale in the prob-
lem since the momentum source is a point source.

A force acting at the origin generates dipolar vorticity in
the vicinity of the origin. This vorticity is advected by the
induced flow and diffuses. The far field of the flow is ap-
proximately irrotational(potential). The velocity in this re-
gion establishes instantaneously(in an incompressible fluid)
according to the momentum equation at largeuxu,

]u

]t
+

1

r
= p = 0. s3d

The pressure field can be found by taking the divergence of
(1) and employing the fact that in two dimensions 2pdsxd
=−¹2lnuxu. Taking into account the continuity equation(2)
and neglecting the nonlinear terms, which are small at large
uxu (e.g., Cantwell2), one arrives at the Poisson equation

=2S1

r
p +

A

2p
= lnuxuD = 0.

The particular solution of this equation is then

1

r
p =

An

2puxu
= uA u

cosu

2pr
= uA u

x

2psx2 + y2d
, s4d

wheren=x / uxu is the unit vector, and the polar coordinate
systemsr ,ud is used. As can be seen from(4), the pressure
instantaneously arises in the fluid and does not change with
time for the continuous source, while for the impulsive
source there is a pressure impulse att=0 and the pressure is
zero att.0.

The potential velocity distribution can then be obtained
by integrating(3) with respect to time as follows:

u = − Jt
1

2p
= S x

x2 + y2D scontinuous sourced, s5d

u = − I
1

2p
= S x

x2 + y2D simpulsive sourced. s6d

For small Reynolds numbers the momentum equation
(1) can be linearized to obtain the equation in the Stokes
approximation. The equation for vorticity in this approxima-
tion is of the form of the diffusion equation,

]v

]t
= nS ]2v

]x2 +
]2v

]y2 D . s7d

This equation can be solved for different configurations of
point forces (e.g., Cantwell,2 Voropayev and Afanasyev5).
The relation for pressure(4) can be used to relate the flow
characteristics to the forcing amplitude(Voropayevet al.9).
The particular solutions for the case of the impulsive source
gives vorticity and stream function as follows:

v =
Ir sinu

8psntd2e−r2/4nt, s8d

c =
I sinu

2pr
s1 − e−r2/4ntd. s9d

It was demonstrated5 that these solutions describe reasonably
well the growth of the vortex dipole for small values of the
Reynolds numbers. They fail, however, to describe the trans-
lational motion of the vortex dipole which is clearly due to
the nonlinear effect of advection.

The linear solution is in fact a first-order term of the
expansion of the full solution of the original equation(1) in
terms of a small parameter, namely, the dimensionless forc-
ing amplitude(Reynolds number). The linear solution can be
improved if the next term in the expansion is added, thus
rendering a weakly nonlinear solution. This second order
term is quadratic in the Reynolds number and is proportional
to sin 2u (Voropayev and Afanasyev5). The weakly nonlinear
solution allows the vortex dipole to drift forward. This solu-
tion, however, does not correctly describe the velocity of
propagation of the dipoles for moderate and large values of
the Reynolds numbers.

Consider now the starting vortex dipoles generated ei-
ther by a continuous or an impulsive forcing. We can derive
the translational velocity of the dipoles using simple physical
considerations. Consider a(Lagrangian) fluid particle located
at thex axis just in front of the moving dipole. Linear solu-
tions as well as direct numerical simulations demonstrate
that vorticity is concentrated in the dipole and decays expo-
nentially in front of the dipole(in the positivex direction).
The flow in front of the dipole is therefore approximately
irrotational and is described by(5) and (6). The distance
traveled by the fluid particle can be obtained easily by inte-
grating thex component of the potential velocity in(5) and
(6) with respect to time to give

Lstd = S 3J

4p
D1/3

t2/3, s10d

Lstd = S 3I

2p
D1/3

t1/3 s11d

for continuous and impulsive sources, respectively. The ve-
locity of the propagation of the dipoles can then be intro-
duced asU=dL/dt. The validity of the assumption that(10)
and(11) describe the distance traveled by the dipoles can be
investigated by comparing with the full solution of the equa-
tions of motion. Since such a solution is not available, we
can do the next best thing by comparing with the results of
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the direct numerical simulations for different values of the
Reynolds number(appropriately nondimensionalized forcing
parameter).

The vorticity created by the force at the origin translates
according to(10) or (11) and diffuses. Since Eq.(7) is linear,
the resulting vorticity field at any moment of time can be
obtained by the integration of the previous distributions
when the appropriate displacement of fluid particles and time
delay are taken into account. The solution for the continuous
source can then be easily obtained in the integral form,

vsx,y,td =
Jy

8pn2E
0

t 1

st − td2 expF−
fx − Lst − tdg2 + y2

4nst − td Gdt,

s12d

csx,y,td = −
Jy

2p
E

0

t 1 − expF−
fx − Lst − tdg2 + y2

4nst − td G
fx − Lst − tdg2 + y2 dt, s13d

where we substitute(10) for Lstd. Thex andy velocity com-
ponents can then be obtained by differentiation of(13) as
follows:

usx,y,td =
J

p
E

0

t Fs1 − e−sx82+y2d/4nzdy2

sx82 + y2d2 +
s1 − e−sx82+y2d/4nzd

2sx82 + y2d

+
y2e−sx82+y2d/4nz

4nzsx82 + y2d
Gdz, s14d

vsx,y,td =
J

p
E

0

t Fs1 − e−sx82+y2d/4nzdx8y

sx82 + y2d2 −
x8ye−sx82+y2d/4nz

4nzsx82 + y2d
Gdz.

s15d

Here we use the notation

x8 = x − S 3J

4p
D1/3

z2/3,

to make the expressions(14) and(15) more compact. Instan-
taneous streamlines calculated from(13), and the velocity
field (14) and(15) demonstrate a typical pattern of the dipo-
lar flow (Fig. 1).

The solution for the impulsive dipole can be obtained by
performing a simple transformation of thex coordinatex
→x−Lstd in the expressions(8) and (9) whereLstd is given
by (11). We do not need to integrate in this case because
vorticity is only generated att=0.

In the experiments, a passive tracer(usually a dye) is
used to visualize the flow pattern. It is useful, therefore, to
visualize the theoretical results in the same way. If the ve-
locity components are known, it is possible to calculate the
distributions of the marked particles at different times by
integrating the equations of motion for marked particles such
that

dxp

dt
= usx,y,td,

dyp

dt
= vsx,y,td. s16d

Such a system of ordinary differential equations, where the
right-hand side is known, can be easily solved numerically

using standard solvers available in various applied math-
ematical software packages. It is important, however, to
specify initial conditions for the marked particles such that
the calculations closely reproduce the experiments.

We performed a numerical integration of(16) for the
case of the continuous dipole with the velocity components
(14) and (15). In our calculations we launched 30 particles
from a circle of radiusr =0.1 cm with its center at the origin.
The endpoints of the trajectories of all the injected particles
at any timet gave the outline of the front of the dyed fluid
(“hat of the mushroom”). The second series of particles was
launched continuously at intervals of 0.1 s from one point at
the circle. These particles gave the outline of the side surface
of the dyed fluid(“leg of the mushroom”). A sequence of
images in Fig. 2 shows that our theoretical solution generates
a typical pattern of dyed fluid observed both in laboratory
experiments and numerical simulations of vortex dipoles.

In the following section we perform the quantitative
comparison of the theoretical results obtained for continuous
and impulsive vortex dipoles with direct numerical simula-
tions to show the validity of the hypothesis on the transla-
tional speed of the dipoles.

FIG. 1. Velocity field(arrows) and instantaneous stream function(contours)
calculated from(13)–(15) for J=0.05 cm3/s2 at t=5 s.

FIG. 2. A succession of images showing the distribution of marked particles
in the continuous vortex dipole described by the velocity field(14) and(15).
The values of control parameters in the model are:r=1 g cm−3, n
=0.01 cm2 s−1, andJ=0.05 cm3 s−2. Time t=5 (a), 10(b), 15 s. Scale in cm.
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III. COMPARISON WITH THE NUMERICAL
SIMULATIONS

A series of two-dimensional numerical simulations that
document the dipolar flow generated by a localized forcing
has been performed using commercial computational fluid
dynamics codeFLUENT 6.0.2on the SGI Onyx 3400 computer.
Finite element method simulations were carried out using a
Navier–Stokes solver. The computational domain of dimen-
sions 60 cm330 cm was used in our simulations and no-slip
boundary conditions were applied at the walls to model the
experiments in a laboratory tank. The domain was large
enough to neglect the effect of the walls on the flow during
the entire period of the flow evolutions10–50 sd. The do-
main was filled with an unstructured grid consisting of
85 000 triangular elements with a minimum mesh size of
0.027 cm. The size of the elements was smaller near the
origin where the momentum source was located. The work-
ing fluid was water of densityr=0.998 g/cm3 and kinematic
viscosityn=0.01 cm2/s. A localized forcerJ was applied to
a fluid in a circle of radiusa=0.1–0.5 cm such that the force
density f (force per unit area) is described by the Gaussian
distribution f = f0 exps−r2/a2d. The amplitude of the forcef0

and the radius of the circlea were varied in our simulations.
To analyze the results of the numerical simulations, it is

useful to perform simple dimensional analysis of the control
parameters involved in the problem. Consider the distanceL
traveled by a dipole measured from the origin to the centers
of the vortices of the dipole measured along thex axis. L
depends on the set of four dimensional quantities including
kinematic viscosityn, time t, the amplitude of forcingJ (or I
for the impulsive dipoles), and the size of the region where
the force is applied,a. Dimensional analysis then gives

L = S 3J

4p
D1/3

t2/3FSJt1/2

n3/2 ,
Ja

n2D , s17d

L = S 3I

2p
D1/3

t1/3FS I

n3/2t1/2,
I

an
D , s18d

where the numerical coefficients have been introduced to
match these expressions with those for potential flow(10)
and (11). F is an unknown function of two dimensionless
arguments. The first argument,P1=sJt1/2d /n3/2 fP1

= I / sn3/2t1/2dg, of the functionF includes viscosity and is
effectively the Reynolds number of the flow. It is time de-
pendent and grows with time for continuous dipoles and de-
creases for impulsive dipoles. The second argument,P2

=sJad /n2 fP2= I / sandg, includesa and represents the effect
of the finite size of the source.

Several simulations with different values of the ampli-
tude of forcing and the size of the source were performed for
continuous and impulsive sources. The main control param-
eters of the simulations are summarized in Table I. Measure-
ments of the distance traveled by the dipoles(Figs. 3 and 4)
demonstrate that the asymptotic regime of the flows is char-
acterized by the time dependences,L, t2/3 for continuous
dipoles andL, t1/3 for impulsive dipoles, in accord with
those predicted by(10) and(11). Measured exponents for the
numerically simulated flows aren=0.66±0.01(continuous)
and n=0.34±0.01 (impulsive). These results allow us to

TABLE I. Parameters of the numerical simulations.

Simulations J scm3/s2d I scm3/s2d a (cm) n aJ/n2 I /an c

Continuous

1 0.05 0.2 0.66 100 0.23

2 0.126 0.1 0.66 126 0.37

3 0.50 0.2 0.65 1000 0.64

4 1.0 0.2 0.67 2000 1.1

5 3.15 0.5 0.68 15 700 2.7

Impulsive

6 0.63 0.1 ¯ 630 ¯

7 15.75 0.5 0.35 3140 2.6

8 12.6 0.2 0.34 6300 2.2

9 18.8 0.2 0.34 9400 3.1

FIG. 3. DistanceL for continuous dipoles for simulations 1(triangles), 2
(squares), and 3(diamonds) in Table I.
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make a conclusion about the asymptotic behavior of the
function F in (17) and(18) for large values of its first argu-
ment. To satisfy the results of the measurements, this func-
tion must not depend on time. Therefore, we can assume
complete similarity of this function with respect toP1,

FSJt1/2

n3/2 → `,
Ja

n2D = GSJa

n2D ,

FS I

n3/2t1/2 → `,
I

an
D = GS I

an
D .

For impulsive dipoles,P1 decreases with time and the
asymptotic regime can be expected to exist only for interme-
diate times whenP1 is still large. At large times, a viscous
regime should be established in this case. The translational
velocity of the dipole at the viscous regime should be de-
scribed by the asymptotic expressionU= I / s32pntd obtained
by Cantwell and Rott.10 The decay in this regime is faster
than that described by(11).

The values of the coefficientc in the dependenceL
=c t2/3 sL=c t1/3d were then measured and compared with
the theoretically predicted values of the coefficientct

=s3J/4pd1/3 sct=s3I /2pd1/3d. The graph in Fig. 5 for con-
tinuous dipoles demonstrates that the measured coefficient
approaches the theoretical value for the simulations where
the parameterP2=sJad /n2 is relatively small. This corre-
sponds to a more concentrated(smallera) and weaker source
(smaller J). The asymptotic behavior of the functionG,

therefore, can be characterized as a complete similarity of
this function with respect to its argument for small values of
the argument

GSJa

n2 → 0D → 1.

The values of the coefficientc for impulsive dipoles are
given in Table I. They indicate similar properties of the func-
tion G with respect toP2= I / sand. Surprisingly this also in-
dicates that this asymptotic behavior is achieved for larger
values of a in contrast to the case of continuous dipoles
wherea must be small in order forP2 to be small. In simu-
lation 6 (Table I) where the forcing was very weak, the in-
termediate asymptotic behavior was not observed. Since the
initial Reynolds number of the flow was small the flow was
in a viscous regime where no significant translation of the
dipole was observed after a time interval of a few seconds.

Our numerical simulations demonstrate that global char-
acteristics of the dipole, such as the distanceL, is predicted
well by theory. It is also interesting to compare the entire
vorticity fields for the numerically simulated dipoles with
those given by theory(12). Figure 6 shows a good quantita-
tive agreement between the simulated dipole and theory. To
find out if our theory indeed provides us with improved so-
lution for moderate Reynolds numbers it is also useful to
compare it with a weakly nonlinear solution obtained
previously.5 The weakly nonlinear solution is given by the
sum of dipolar and quadrupolar terms as follows:

FIG. 4. DistanceL for impulsive dipoles for simulations 7(triangles) and 8
(circles) in Table I.

FIG. 5. Coefficientc measured in the numerical simulations and laboratory
experiments vs the theoretical values of the coefficient. Simulations are
shown by different symbols for different values of parameterP2: 1 (circle),
2 (triangle), 3 (square), 4 (plus), and 5(star). Experiments 1–10 in Table II
are shown by filled circles. Experiments 11–13 are shown by filled squares.
Solid line isc=ct.

FIG. 6. Vorticity contours for a continuous vortex dipole:(a), (b) calculated
from the theoretical relation(12) and (c), (d) are obtained in numerical
simulation 1(Table I). Contours are from −0.65 to 0.65 with the interval
0.2 s−1. Streak lines are negative vorticity contours.J=0.05 cm3/s2, t
=15 s (a), (c) and t=25 s (b), (d). Scale in cm.
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v = Re
n

r2fW1shdsinu + ReW2shdsin 2ug. s19d

Here Re=Jr / s2pn2d and h=r / s2Întd. Expressions forW1

andW2 are given in Voropayev and Afanasyev5 (they are not
reproduced here because the expression forW2 is quite
lengthy). Solution(19) is valid for Re!1. For the particular
value of J=0.05 cm3/s2 used for the flow demonstrated in
Fig. 6, the solution(19) is only valid in a very small area
near the origin wherer !0.01 cm. Att=15 s[Figs. 6(a) and
6(c)], however, the vortical flow occupies already a much
larger region. The pattern of vorticity contours(Fig. 7) for
solution (19) reveals that the quadrupolar term prevails and
that this solution does not provide accurate description of the
flow (except near the origin). Thus, the weakly nonlinear
solution(19) can only be used either for smallerJ or smaller
r (or equivalently smallert) compared to the new solution
(12) presented herein.

Solution (12) is obtained for the flow induced by the
point forcing and its application is limited when the flows are
generated by the distributed forcing. Figure 8 demonstrates

the comparison between the flow given by theory(18) and
the numerically simulated flow for the simulation with
higher P2. Differences in the pattern of the vorticity distri-
bution can be clearly seen in Fig. 8. There is a developed
dipole in the frontal part of the starting flow in the numerical
simulations. This dipole detaches somewhat from the jet flow
which establishes behind it and moves faster than it should
according to theory. This can also be seen from the fact that
the difference between the coefficientc in simulations and in
theory increases for larger values of the parameterP2. Note
that the predicted exponent in the time dependenceL, t2/3 is
still valid for largeP2.

IV. COMPARISON WITH LABORATORY EXPERIMENTS

The laboratory experiments reported herein were per-
formed using two different methods of forcing. In the first
series of experiments an electromagnetic method of forcing
was employed in a system of two thin layers of different
density. Two layers were used to minimize the vertical com-
ponent of velocity, providing the two dimensionality of the
flow (e.g., Paretet al.11). The particular parameters of our
system were the same as those used in our previous experi-
ments with two-dimensional turbulence(Wells and
Afanasyev12). This system was shown to work well in
achieving this purpose. In particular, an important result of
that study was the growth of the Reynolds number of the
flow which was in agreement with the predictions for the
two-dimensional (2D) turbulence (e.g., Chasnov13). This
growth was previously achieved only for the flows in soap
films (Martin et al.14). This provides additional evidence of
the 2D dynamics of the flow. In a thin layer system bottom
friction is an important factor which prevents the flow from
being purely two dimensional. Bottom friction as well as
friction due to ordinary viscosity causes the total energy of
the flow to decay(e.g., Danilov et al.15). It is important
therefore to keep the rate of energy decrease due to bottom
friction to be somewhat less than that due to ordinary viscos-
ity. It was demonstrated to be the case in Wells and
Afanasyev.12 We assume that this is also true for the present
experiments where the magnitude of forcing is similar to that

FIG. 7. Vorticity contours for a continuous vortex dipole calculated from the
theoretical relation(19). Contours are from −0.65 to 0.65 with the interval
0.2 s−1. J=0.05 cm3/s2 and t=15 s. Scale in cm.

FIG. 8. Vorticity contours for continuous vortex dipole:
(a), (b) calculated from the theoretical relation(12) and
(c), (d) are obtained in numerical simulation 3(Table I).
Contours are from −5 to 5 with the interval 1 s−1. J
=0.5 cm3/s2, t=5 s (a), (c) andt=10 s(b), (d). Scale in
cm.
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used previously. The experiments were carried out in a rect-
angular container(Fig. 9) of inner dimensionsL=29 cm and
W=21 cm. The container was filled with two layers of salt
water of depth 0.5 cm each and of concentration 40 and
250 g/ l. The flow was forced electromagnetically by impos-
ing an electric current of magnitudej =0–3 A in thehori-
zontal direction. A rare earth permanent magnet of diameter
0.5 cm was placed flush with the bottom of the container.
The magnet produces a magnetic field with a vertical com-
ponent of <0.09 T. The interaction of the magnetic field
with the electric current results in a horizontal force exerted
locally on the fluid in the direction perpendicular to the elec-
tric current. This localized force generates a vortex dipole
(Fig. 10) and the magnitude of the force can be controlled by
varying the current. Parameters of the experiments are sum-
marized in Table II(experiments 1–10). The flow was visu-
alized by pH-indicator thymol blue and recorded using a
digital video camera placed above the container. Geometrical
characteristics of the flow were then measured using the in-

dividual frames of a video sequence. The horizontal velocity
field in the flow was measured using a PIV technique. A
description of the method and general technique is given by
Fincham and Spedding16 and Pawlak and Armi.17 The seed-
ing particles were polyamid spheres of mean diameter
50 mm which were made visible by illuminating the fluid
with a sheet of light at the interface between the layers. Top
images of the flow are taken with a digital video camera. The
video sequences have been processed to obtain the velocity
fields. The profiles of thex component of the velocity across
the jet region of the dipole, where the flow is established
after the frontal part of the flow has passed, were integrated
to obtain the values of momentum flux in the jet. The values
of the flux were approximately equal for different sections of
the jet along thex axis which confirms the fact that the flow
is steady in this region. The momentum flux is generated by
the electromagnetic forcing. These measurements, therefore,
allow us to obtain the values of the control parameterJ for
different values of electric current in the tank. The linear
relation was found of the formJ=0.92j whereJ is in cm3/s2

and j is in A. Here we assumed that the flow is approxi-
mately uniform in the vertical direction along the depth of
the layer(except in the thin boundary layer at the bottom).

In the second series of experiments the flow was forced
using the injection of fluid through a nozzle in the form of a
thin vertical slit of widthd=0.013 cm and heighth=1 cm.
The layer of depth 1 cm was a solution ofpH-indicator thy-
mol blue of homogeneous density. In these experiments the
momentum flux generated by the source can be measured
directly by measuring the volume fluxq through the nozzle.
The momentum flux per unit depth of the layer can then be
estimated as follows:

J =
q2

dh
.

This method, though it provides a convenient method of
measuring the main control parameter of the flow, is some-
what more challenging than that used in the experiments in a
two-layer fluid as it is more difficult to avoid disturbances
due to small density differences between the dyed fluid in-

FIG. 9. Sketch of the experimental setup: tank(1), electrodes(2), and mag-
net (3).

FIG. 10. Typical view of the developing continuous vortex dipole in the
laboratory experiment. Current 0.3 A,t=15 s (a), 18 s (b), and 30 s(c).
Black circle is the magnet of diameter 0.5 cm.

TABLE II. Experimental parameters.

Experiment Current(A) J scm3/s2d n c

1 0.2 0.67 0.53

2 0.3 0.66 0.63

3 0.3 0.62 0.64

4 0.4 0.63 0.61

5 0.8 0.60 0.98

6 1 0.65 1.1

7 1.2 0.61 1.2

8 1.4 0.63 1.2

9 1.6 0.67 1.4

10 1.8 0.69 1.6

11 0.65 0.66 1

12 0.67 0.73 0.89

13 0.86 0.72 0.84
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jected from the nozzle and the fluid in the tank. To avoid this
problem we used thepH indicator for the visualization of the
flows rather than regular dyes. However, these experiments
were conducted only for the limited range of the variation of
the momentum fluxJ. Parameters of the experiments are
summarized in Table II(experiments 11–13).

Measurements of the distanceL traveled by the dipoles
in both series of the experiments(Fig. 11) gave results that
were similar to those obtained in the numerical simulations.
The measured exponent for the laboratory flows wasn
=0.66±0.04(Table II) for the asymptotic regime of the flow
evolution. The values of the coefficientc are given in Table
II and plotted in Fig. 5 together with the similar data from
the numerical simulations. The graph shows that laboratory
experiments are in accordance with the numerical simula-
tions. The same tendency for the measured coefficients to
deflect from their theoretical values with largerJ is observed.
This is the result of the finite extent of the forcing region
which is approximately equal to the size of the magnet 2a
=0.5 cm in the experiments.

V. DISCUSSION AND CONCLUDING REMARKS

In summary, it can be concluded that the theoretical
analysis reported in this article provides an accurate approxi-
mation of the flow for continuous and impulsive starting di-
poles. Our hypothesis on the velocity of the stream which is
required for this approximation turned out to be quite accu-
rate as demonstrated by the quantitative comparison of the
theoretical results with the results of our numerical simula-
tions of dipoles as well as with the results of laboratory ex-
periments. The theoretical result which predicts the power
law asymptotic behavior of the flow turned out to be espe-
cially robust even when additional factors such as the bottom
friction in the laboratory experiments affect the flow.

The analysis of translational motion of the vortex struc-
ture at the front of a starting jet, similar to that developed in
this paper for planar flows, can easily be performed for axi-
symmetric flows in a homogeneous fluid. The theory for the
axisymmetric wake is reported by Afanasyev.18 Here, we
would only like to discuss the speed of translational motion
of the vortex structures. If a force acts for a short period of
time in a homogeneous fluid, vortex rings are generated(e.g.,
Figs. 7.2.2 and 7.2.3 by Batchelor19). If the force acts con-
tinuously, a starting jet with a toroidal(mushroom-like) vor-
tex at its front is generated(e.g., Fig. 1 by Voropayev20).

From the expression for pressure similar to(4) (e.g., Voro-
payevet al.9) one can obtain thex component of the potential
velocity:

u = − Jt
1

4p

]

]x
S x

uxu3D scontinuous sourced, s20d

u = − I
1

4p

]

]x
S x

uxu3D simpulsive sourced. s21d

Note that the dimensions of the force amplitudesfJg
=L4T−2 andfIg=L4T−1 are different from those in the planar
case. The displacement of the starting axisymmetric vortices
for continuous and impulsive sources, respectively, can then
be obtained similar to(10) and (11) in the form

Lstd = S J

p
D1/4

t1/2, s22d

Lstd = S2I

p
D1/4

t1/4. s23d

This result allows us to explain the experimental results19

where the dependenceL, t1/2 was observed for a starting
axisymmetric flow in a density homogeneous fluid. It is in-
teresting to note that the same dependence was also observed
in the experiments where starting dipoles were generated in a
continuously(linearly) stratified fluid.3,4 The dipoles were
generated by a continuous source acting in the horizontal
direction. The effect of stratification was therefore to make
the flows planar. The flows were planar because the vertical
velocity was effectively suppressed. They were not, however,
two dimensional since the flow expanded in the vertical di-
rection due to viscous diffusion of the momentum. The indi-
cation of this intrinsic three dimensionality was the behavior
of the global characteristic of the flow such as the length of
the dipoleL which varied in accordance with the dependence
L, t1/2, as predicted by(22) for three-dimensional flows.

The results obtained herein allow us to offer a simple
test for two dimensionality of a liquid system in laboratory
experiments. This is important in the experiments where it is
desirable to achieve a flow which is as close as possible to
being two dimensional such as, for example, in the experi-
ments with two-dimensional turbulence. A continuous dipole
can be generated in such a system by a forcing of the mag-
nitude characteristic for the particular experiment planned in
this system. If the dipole exhibits the asymptotic regime
whereL, t2/3, the system is close to two dimensional. If, on
the other hand,L, t1/2 the system is rather three dimen-
sional.
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