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Starting vortex dipoles in a viscous fluid: Asymptotic theory, numerical
simulations, and laboratory experiments
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Translational velocity of the starting vortex dipoles generated by the continuous or impulsive action
of a localized force is obtained theoretically on simple physical grounds. Solutions of the diffusion
equation for vorticity which take into account the translational motion of fluid particles are then
obtained and compared with the results of direct numerical simulations of vortex dipoles as well as
with the laboratory experiments. The comparison shows good quantitative agreement in both cases.
Theoretical results for the translational velocity of the three-dimensiexédymmetrig flows such

as starting jets or vortex rings are discussed as wel0@4 American Institute of Physics

[DOI: 10.1063/1.1790493

I. INTRODUCTION interactions of planar vortex dipoles in a stratified fluid. Al-
though linear solutions reproduce the general features of the
Organized dipolar vortex structures are a very wellflows surprisingly well, they fail to describe the translational
known feature of quasi-two-dimensional flows where motionmotion of the dipoles. The translational motion is due to
in one direction is suppressed due to one of the followingadvection and is therefore a nonlinear effect.
physical mechanisms: background rotation of the system, In the following sections of this paper we report on the
density stratification, or geometrical restrictions such as foresults of the theoretical analysis of the starting dipoles,
the flows in thin layers or soap films. In an oceanographiavhich allows us to take into account the translational motion
context, vortex dipoles are often called mushroom-like cur-of the dipolegSec. I)). In our theoretical analysis we make a
rents since they resemble a sliced mushroom. Vortex dipolesypothesis regarding the velocity of the dipoles based on
are formed in a viscous fluid when a force is applied locallyphysical arguments and then test this hypothesis using a
to some volume of fluid. If the force acts impulsively, a comparison of the theoretical solutions with the results of
translating vortex dipole is generated. If the force starts at direct numerical simulations of the flowsSec. Ill). This
=0 and then acts continuously, a starting jet with a dipole atomparison demonstrates significant agreement which
its front is generated. Here we call the flow in both regimesproves that the hypothesis is valid. The comparison of theory
starting vortex dipoles to emphasize the fact that the flow isvith our laboratory experiments is reported in Sec. IV. Con-
unsteady. These flows have been previously studied theoretitusions as well as a discussion of the axisymmetric flows,
cally and experimentally by many authofs.g., Sozod, such as starting jets in a density homogeneous fluid or planar
Cantwell? Afanasyevet al,® Voropayevet al’). A review of  (but three-dimensiongaktarting vortex dipoles in a continu-
the results as related to two-dimensional flows and flows in @usly stratified fluid, are offered in Sec. V.
stratified fluid is given by Voropayev and Afanasﬁe‘flheo-
retical solutions were obtained for starting vortex dipoles in
the Stokes approximatiaﬁ as well as in a weakly nonlinear IIl. THEORY

approximatiofi where the next term of the expansion in  consider a two-dimensional planar flow in a viscous in-
terms of a small parametethe Reynolds numbgwas ob-  compressible fluid induced by a localized forcing. The fluid
tained. These solutions show good qualitative agreemendyiends to infinity and is initially at rest. A momentum
with the experimental flows. In particular, the distributions of 5o rce is located at the origin of the coordinate system. The
passive tracers in the flows can be easily obtained by intenomentum source starts acting at tite0 and thereafter
gration of the velocity field obtained theoretically. These dis-gxerts on the fluid the kinematic momentum fiarce per
tributions demo?strate a typical mushroom-like patternynit mass and unit deptfequal toJ=const. The dimensions
(Voropayevet al.’). The linear solutions in the Stokes ap- of J are[J]=L3T2 whereL andT are the units of length and
proximation can also describe, in a qualitative manner, thgime. An impulsive source which acts for a short period of
flows generated by multiple forces if the appropriate supertime delivering finite kinematic momenturh([1]=L3T"%)
position of the solutions is considered. The collisions of pla-wil be considered as well. The balance of momentum and

nar vortex di7poles were visualized using this method by Afa+the equation of continuity for a fluid with singularity at the
nasyevet al. and compared with experimental restilter origin can be presented in the form
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Vu=0, (2)
whereu is the velocity vectorp is pressureyp is the kine-
matic viscosityx=(x,y) the position vector, and(x) is the
Dirac delta function. The vectoA represents the force of
magnitudeJH(t) or 15(t) applied in the positive direction
along thex axis. HereH(t) is the Heaviside step function.
The dimensionless amplitudes of forcing in the follow-

ing form:

Jtl/Z I
Re= R Re = RN

have the physical meaning of the Reynolds number of the
flow.?° Note, that there is no natural length scale in the prob-

lem since the momentum source is a point source.

A force acting at the origin generates dipolar vorticity in
the vicinity of the origin. This vorticity is advected by the
induced flow and diffuses. The far field of the flow is ap-
proximately irrotational(potentia). The velocity in this re-
gion establishes instantaneousily an incompressible fluid
according to the momentum equation at lajgle

1
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This equation can be solved for different configurations of
point forces(e.g., Cantwelf, Voropayev and Afanasyé)l
The relation for pressuret) can be used to relate the flow
characteristics to the forcing amplitugeoropayevet al.g).

The particular solutions for the case of the impulsive source
gives vorticity and stream function as follows:

Irsing _2,.,
= — V, 8
@ 8m(1t)? ®
| siné .2
w: 5 (1 —e r /4vt). (9)
Tl

It was demonstratédhat these solutions describe reasonably
well the growth of the vortex dipole for small values of the
Reynolds numbers. They fail, however, to describe the trans-
lational motion of the vortex dipole which is clearly due to
the nonlinear effect of advection.

The linear solution is in fact a first-order term of the
expansion of the full solution of the original equatict) in
terms of a small parameter, namely, the dimensionless forc-
ing amplitude(Reynolds number The linear solution can be
improved if the next term in the expansion is added, thus

The pressure field can be found by taking the divergence d"dering a weakly nonlinear solution. This second order

(1) and employing the fact that in two dimensions &x)
=-V2nl|x|. Taking into account the continuity equatig®)
and neglecting the nonlinear terms, which are small at larg
x| (e.g., Cantweﬁ), one arrives at the Poisson equation

1 A
V2<—p+ —V In|x|) =0.
p 2w

The particular solution of this equation is then

cosf

X
e
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wheren=x/|x| is the unit vector, and the polar coordinate
system(r, #) is used. As can be seen fro@), the pressure

term is quadratic in the Reynolds number and is proportional
to sin 29 (Voropayev and Afanasyé)z The weakly nonlinear
éolution allows the vortex dipole to drift forward. This solu-
tion, however, does not correctly describe the velocity of
propagation of the dipoles for moderate and large values of
the Reynolds numbers.

Consider now the starting vortex dipoles generated ei-
ther by a continuous or an impulsive forcing. We can derive
the translational velocity of the dipoles using simple physical
considerations. Consider(aagrangian fluid particle located
at thex axis just in front of the moving dipole. Linear solu-
tions as well as direct numerical simulations demonstrate
that vorticity is concentrated in the dipole and decays expo-
nentially in front of the dipolgin the positivex direction).

The flow in front of the dipole is therefore approximately

instantaneously arises in the fluid and does not change witirotational and is described bf) and (6). The distance

time for the continuous source, while for the impulsive
source there is a pressure impulsé=ad and the pressure is
zero att>0.

The potential velocity distribution can then be obtained

by integrating(3) with respect to time as follows:

1 X .
u=- JtZT \Y ()@Tyz) (continuous sourge 5
L (L) (impulsi p ()
u=-l_— 21y impulsive sourc

traveled by the fluid particle can be obtained easily by inte-
grating thex component of the potential velocity %) and
(6) with respect to time to give

1/3
L(t) = (£> t2/3, (10
A7
1/3
L(t) = <ﬂ> t1/3 (11
2T

for continuous and impulsive sources, respectively. The ve-
locity of the propagation of the dipoles can then be intro-
duced adJ=dL/dt. The validity of the assumption th&t0)

For small Reynolds numbers the momentum equatiorand(11) describe the distance traveled by the dipoles can be
(1) can be linearized to obtain the equation in the Stokesnvestigated by comparing with the full solution of the equa-

approximation. The equation for vorticity in this approxima-
tion is of the form of the diffusion equation,

tions of motion. Since such a solution is not available, we
can do the next best thing by comparing with the results of

Downloaded 16 Sep 2004 to 130.237.224.68. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



3852 Phys. Fluids, Vol. 16, No. 11, November 2004

the direct numerical simulations for different values of the
Reynolds numbegappropriately nondimensionalized forcing
parametex.

The vorticity created by the force at the origin translates
according tq10) or (11) and diffuses. Since Eq7) is linear,
the resulting vorticity field at any moment of time can be
obtained by the integration of the previous distributions

when the appropriate displacement of fluid particles and time
delay are taken into account. The solution for the continuous

source can then be easily obtained in the integral form,
[x-Lt- T>]2+y2]
- dr,

Jy (* 1
w(xy,) = 8771/2f0 (t—7)? &

Ap(t—17)
(12)

1 A2 a2

y (17 - I;S(tj)j)+y]
gb(x,y,t):—z_fo PRIy dr, (13

where we substitut€l0) for L(t). Thex andy velocity com-
ponents can then be obtained by differentiation(3) as
follows:

3 (] (1= ®>#Ara0)\2 (1 = g X 2+yPdn
U(X,y,t):_J ( e 2 2 2 )y ( e 2 2 )
mJo (X'“+y9) 2(x'“+y%)
2 (X' 24y3) 1 4vg
y°€e
+—————|d¢, 14
L7+ 1 ¢ (19
3t (1= e—(x’2+y2)/4v§ X' X' e—(x’2+y2)/4v§
v(x,y,t):—J l( 2 22) Yy 2y 2o |de.
mJo (x'“+y%) 4v{(X'°+y°)
(15

Here we use the notation
1/3
J) 23

: (3

X' =x-|—
41

to make the expressiori$4) and(15) more compact. Instan-

taneous streamlines calculated frqdB), and the velocity

field (14) and(15) demonstrate a typical pattern of the dipo-

lar flow (Fig. 1).

The solution for the impulsive dipole can be obtained by

performing a simple transformation of the coordinatex
—X=L(t) in the expressiongd) and(9) whereL(t) is given
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FIG. 1. Velocity field(arrowg and instantaneous stream functi@ontour$
calculated from(13)~(15) for J=0.05 cni/s? att=5 s.

using standard solvers available in various applied math-
ematical software packages. It is important, however, to
specify initial conditions for the marked particles such that
the calculations closely reproduce the experiments.

We performed a numerical integration ¢f6) for the
case of the continuous dipole with the velocity components
(14) and (15). In our calculations we launched 30 particles
from a circle of radiug =0.1 cm with its center at the origin.
The endpoints of the trajectories of all the injected particles
at any timet gave the outline of the front of the dyed fluid
(“hat of the mushroom)’ The second series of particles was
launched continuously at intervals of 0.1 s from one point at
the circle. These particles gave the outline of the side surface
of the dyed fluid(“leg of the mushroomy. A sequence of
images in Fig. 2 shows that our theoretical solution generates
a typical pattern of dyed fluid observed both in laboratory
experiments and numerical simulations of vortex dipoles.

In the following section we perform the quantitative
comparison of the theoretical results obtained for continuous
and impulsive vortex dipoles with direct numerical simula-

by (11). We do not need to integrate in this case becaus&ons to show the validity of the hypothesis on the transla-

vorticity is only generated at=0.
In the experiments, a passive tracesually a dyg is

tional speed of the dipoles.

used to visualize the flow pattern. It is useful, therefore, to

visualize the theoretical results in the same way. If the ve-

locity components are known, it is possible to calculate th

distributions of the marked particles at different times by
integrating the equations of motion for marked particles such

that

dx =u(x,y,t), d—yE=v(X,y,t). (16)

dt dt

Such a system of ordinary differential equations, where théne yvalues of control parameters in the model ape1 gcnt?,

@ "o "©
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FIG. 2. A succession of images showing the distribution of marked particles

in the continuous vortex dipole described by the velocity figk) and(15).
14

right-hand side is known, can be easily solved numerically=0.01 cnts™, andJ=0.05 cnis2 Timet=5 (a), 1Qb), 15 s. Scale in cm.
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TABLE |. Parameters of the numerical simulations.
Simulations J (cm?/$?) | (cmP/s?) a (cm) n aJlv? I/av
Continuous
1 0.05 0.2 0.66 100 0.23
2 0.126 0.1 0.66 126 0.37
3 0.50 0.2 0.65 1000 0.64
4 1.0 0.2 0.67 2000 11
5 3.15 0.5 0.68 15 700 2.7
Impulsive
6 0.63 0.1 630
7 15.75 0.5 0.35 3140 2.6
8 12.6 0.2 0.34 6300 2.2
9 18.8 0.2 0.34 9400 3.1
I1l. COMPARISON WITH THE NUMERICAL 31\"° 1/3 I I
SIMULATIONS L={-=] 70| 55— | (18
2 P2 ay

A series of two-dimensional numerical simulations thatwhere the numerical coefficients have been introduced to
document the dipolar flow generated by a localized forcingmatch these expressions with those for potential fla@)
has been performed using commercial computational fluichnd (11). ® is an unknown function of two dimensionless
dynamics cod&LUENT 6.0.20n the SGI Onyx 3400 computer. arguments. The first argument]I;=(Jt¥?)/,%2 [II,
Finite element method simulations were carried out using &1/(»*4?)], of the function® includes viscosity and is
Navier—Stokes solver. The computational domain of dimeneffectively the Reynolds number of the flow. It is time de-
sions 60 cmx 30 cm was used in our simulations and no-slip pendent and grows with time for continuous dipoles and de-
boundary conditions were applied at the walls to model thesreases for impulsive dipoles. The second arguméht,
experiments in a laboratory tank. The domain was large=(Ja)/+? [II,=I/(av)], includesa and represents the effect
enough to neglect the effect of the walls on the flow duringof the finite size of the source.
the entire period of the flow evolutiol0-50 3. The do- Several simulations with different values of the ampli-
main was filled with an unstructured grid consisting of tude of forcing and the size of the source were performed for
85 000 triangular elements with a minimum mesh size ofcontinuous and impulsive sources. The main control param-
0.027 cm. The size of the elements was smaller near theters of the simulations are summarized in Table |. Measure-
origin where the momentum source was located. The workments of the distance traveled by the dipalEigs. 3 and %
ing fluid was water of density=0.998 g/cm and kinematic ~demonstrate that the asymptotic regime of the flows is char-
viscosity »=0.01 cn?/s. A localized forcepd was applied to  acterized by the time dependencés; t?® for continuous
a fluid in a circle of radiug=0.1-0.5 cm such that the force dipoles andL ~t3 for impulsive dipoles, in accord with
densityf (force per unit aregis described by the Gaussian those predicted by10) and(11). Measured exponents for the
distribution f =f, exp(—r2/a?). The amplitude of the forc€®  numerically simulated flows ane=0.66+0.01(continuou
and the radius of the circle were varied in our simulations. and n=0.34+0.01 (impulsive). These results allow us to
To analyze the results of the numerical simulations, it is
useful to perform simple dimensional analysis of the control
parameters involved in the problem. Consider the disténce 10
traveled by a dipole measured from the origin to the centers
of the vortices of the dipole measured along thexis. L 'l
depends on the set of four dimensional quantities including g
kinematic viscosityy, timet, the amplitude of forcing (or | 4
for the impulsive dipoles and the size of the region where ] P
the force is applieda. Dimensional analysis then gives

FIG. 3. Distancel for continuous dipoles for simulations (friangley, 2

3] 1/3 Jt1/2 Ja
L:(—) 23 320 2 | (17 - !
1% 1% (squarey and 3(diamond$ in Table I.

dar
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FIG. 4. Distancd. for impulsive dipoles for simulations {#riangleg and 8
(circles in Table I. 1.5

0.5
make a conclusion about the asymptotic behavior of the
function® in (17) and(18) for large values of its first argu- |
ment. To satisfy the results of the measurements, this func._|
tion must not depend on time. Therefore, we can assume
complete similarity of this function with respect b, 9

(Jtllz Ja) (Ja) 4 05 0 05 1 15 2 25 A4 05 0 05 1 15 2 25
— m!_ = ) ) ' . .
P32 12 12 FIG. 6. Vorticity contours for a continuous vortex dipole), (b) calculated
from the theoretical relatioril2) and (c), (d) are obtained in numerical
| | | simulation 1(Table ). Contours are from —-0.65 to 0.65 with the interval
s — @ | =6 —|.
( 3212 ) ( )

— 0.2 s Streak lines are negative vorticity contourd=0.05 cn¥/s?, t
av av =15 s(a), (c) andt=25 s(b), (d). Scale in cm.
For impulsive dipoles,Il; decreases with time and the
asymptotic regime can be expected to exist only for interme-
diate times wherl, is still large. At large times, a viscous
regime should be established in this case. The translation@herefore, can be characterized as a complete similarity of
velocity of the dipole at the viscous regime should be dethis function with respect to its argument for small values of
scribed by the asymptotic expressiors1/(32m1t) obtained  the argument
by Cantwell and Rott® The decay in this regime is faster
than that described bgi1).
The values of the coefficient in the dependencé Ja
=c t#3 (L=c t“3) were then measured and compared with G( > — O) —1
the theoretically predicted values of the coefficiegt
=(3J/4m)*3 (¢,=(31/2mw)Y3). The graph in Fig. 5 for con-

tinuous dipoles demonstrates that the measured coefficiefthe values of the coefficient for impulsive dipoles are

approaches the theoretical value for the simulations whergjven in Table I. They indicate similar properties of the func-
the parameteill,=(Ja)/+* is relatively small. This corre- tion G with respect tdll,=1/(av). Surprisingly this also in-
sponds to a more concentraf@thallera) and weaker source gicates that this asymptotic behavior is achieved for larger
(smaller J). The asymptotic behavior of the functioB,  yajues ofa in contrast to the case of continuous dipoles
wherea must be small in order fokl, to be small. In simu-
lation 6 (Table ) where the forcing was very weak, the in-
3 ' - ' ' termediate asymptotic behavior was not observed. Since the
initial Reynolds number of the flow was small the flow was
2l | in a viscous regime where no significant translation of the
. dipole was observed after a time interval of a few seconds.
oo Our numerical simulations demonstrate that global char-
’ acteristics of the dipole, such as the distah¢és predicted
well by theory. It is also interesting to compare the entire
vorticity fields for the numerically simulated dipoles with
those given by theoryl2). Figure 6 shows a good quantita-
tive agreement between the simulated dipole and theory. To
FIG. 5. Coefficient: measured in the numerical simulations and laboratory find out if our theory indeed provides us with improved so-
experiments vs the theoretical values of the coefficient. Simulations ar¢ution for moderate Reynolds numbers it is also useful to

shown by different symbols for different values of paraméter 1 (circle), ; : ; ; ;
2 (triangle), 3 (squarg, 4 (plus), and 5(stan. Experiments 1-10 in Table I compare it with a weakly nonlinear solution obtained

are shown by filled circles. Experiments 11-13 are shown by filled squarei)"‘zﬁViOUSl_yl-3 The weakly nonlinear solution is given by the
Solid line isc=c,. sum of dipolar and quadrupolar terms as follows:

o
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the comparison between the flow given by the¢t®) and

the numerically simulated flow for the simulation with
higherII,. Differences in the pattern of the vorticity distri-

| bution can be clearly seen in Fig. 8. There is a developed
dipole in the frontal part of the starting flow in the numerical

- simulations. This dipole detaches somewhat from the jet flow
which establishes behind it and moves faster than it should
according to theory. This can also be seen from the fact that
L the difference between the coefficienin simulations and in
theory increases for larger values of the paramBterNote

- that the predicted exponent in the time dependénce® is

still valid for largell,.

2 IV. COMPARISON WITH LABORATORY EXPERIMENTS

The laboratory experiments reported herein were per-
FIG. 7..V0rticity_contours for a continuous vortex dipole calgulated‘from the formed using two different methods of forcing. In the first
Bhgoéff'gilof%'gt'c%‘}g'aﬁg?iolusrssérsecgg?n'gfs 10 0.65 with the interval garjeg of experiments an electromagnetic method of forcing
was employed in a system of two thin layers of different
density. Two layers were used to minimize the vertical com-
" ponent of velocity, providing the two dimensionality of the
0= Rer—z[Wl(n)Sin 6+ ReW,(7)sin 26]. (19 flow (e.g., Pareet al™). The particular parameters of our
. system were the same as those used in our previous experi-
Here Re3r/(2m2) and p=r/(2\1t). Expressions foiW; ments with two-dimensional turbulencgWells and
andW, are given in Voropayev and Afanasyethey are not Afanasye\]iz). This system was shown to work well in
reproduced here because the expressionVigris quite  achieving this purpose. In particular, an important result of
lengthy). Solution(19) is valid for Re<1. For the particular that study was the growth of the Reynolds number of the
value of J=0.05 cn#/s? used for the flow demonstrated in flow which was in agreement with the predictions for the
Fig. 6, the solution(19) is only valid in a very small area two-dimensional (2D) turbulence (e.g., Chasnd\?’). This
near the origin where<0.01 cm. Att=15 s[Figs. §a) and  growth was previously achieved only for the flows in soap
6(c)], however, the vortical flow occupies already a muchfilms (Martin et all¥. This provides additional evidence of
larger region. The pattern of vorticity contouiSig. 7) for  the 2D dynamics of the flow. In a thin layer system bottom
solution (19) reveals that the quadrupolar term prevails andfriction is an important factor which prevents the flow from
that this solution does not provide accurate description of théeing purely two dimensional. Bottom friction as well as
flow (except near the orign Thus, the weakly nonlinear friction due to ordinary viscosity causes the total energy of
solution(19) can only be used either for smalléor smaller  the flow to decay(e.g., Danilovet al’®). It is important
r (or equivalently smallet) compared to the new solution therefore to keep the rate of energy decrease due to bottom
(12) presented herein. friction to be somewhat less than that due to ordinary viscos-
Solution (12) is obtained for the flow induced by the ity. It was demonstrated to be the case in Wells and
point forcing and its application is limited when the flows are Afanasyev* We assume that this is also true for the present
generated by the distributed forcing. Figure 8 demonstratesxperiments where the magnitude of forcing is similar to that

N

(a) (b)

FIG. 8. Vorticity contours for continuous vortex dipole:
(a), (b) calculated from the theoretical relati¢h?) and
(c), (d) are obtained in numerical simulation(Bable ).
Contours are from -5 to 5 with the interval 1'sJ
=0.5 cn¥/s?, t=5 s(a), (c) andt=10 s(b), (d). Scale in
cm.
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TABLE II. Experimental parameters.

Experiment Current(A) J (cm?/$?) n c
1 0.2 0.67 0.53
2 0.3 0.66 0.63
3 0.3 0.62 0.64
4 0.4 0.63 0.61
5 0.8 0.60 0.98
6 1 0.65 1.1
FIG. 9. Sketch of the experimental setup: tafhk electrodeg2), and mag- 7 1.2 0.61 1.2
net(3). 8 14 0.63 12
9 1.6 0.67 1.4
10 1.8 0.69 1.6
used previously. The experiments were carried out in a rect- ; 0.65 0.66 1
angular containefFig. 9) of inner dimensiong =29 cm and 12 0.67 0.73 0.89
W=21 cm. The container was filled with two layers of salt 5 0.86 0.72 0.84

water of depth 0.5 cm each and of concentration 40 and
250 g/l. The flow was forced electromagnetically by impos-
ing an electric current of magnitude=0—3 A in thehori-
zontal direction. A rare earth permanent magnet of diametedividual frames of a video sequence. The horizontal velocity
0.5 cm was placed flush with the bottom of the containerfield in the flow was measured using a PIV technique. A
The magnet produces a magnetic field with a vertical comdescription of the method and general technique is given by
ponent of =0.09 T. The interaction of the magnetic field Fincham and Speddifand Pawlak and Arnii’ The seed-
with the electric current results in a horizontal force exertedng particles were polyamid spheres of mean diameter
locally on the fluid in the direction perpendicular to the elec-50 um which were made visible by illuminating the fluid
tric current. This localized force generates a vortex dipolewith a sheet of light at the interface between the layers. Top
(Fig. 10 and the magnitude of the force can be controlled byimages of the flow are taken with a digital video camera. The
varying the current. Parameters of the experiments are sunfideo sequences have been processed to obtain the velocity
marized in Table li(experiments 1-10 The flow was visu- fields. The profiles of th& component of the velocity across
alized by pH-indicator thymol blue and recorded using athe jet region of the dipole, where the flow is established
digital video camera placed above the container. Geometricalfter the frontal part of the flow has passed, were integrated
characteristics of the flow were then measured using the into obtain the values of momentum flux in the jet. The values
of the flux were approximately equal for different sections of
the jet along thex axis which confirms the fact that the flow
is steady in this region. The momentum flux is generated by
the electromagnetic forcing. These measurements, therefore,
allow us to obtain the values of the control parametdor
different values of electric current in the tank. The linear
relation was found of the formd=0.93 wherelJ is in cn?/s?
and | is in A. Here we assumed that the flow is approxi-
mately uniform in the vertical direction along the depth of
the layer(except in the thin boundary layer at the botjom

In the second series of experiments the flow was forced
using the injection of fluid through a nozzle in the form of a
thin vertical slit of widthd=0.013 cm and height=1 cm.
The layer of depth 1 cm was a solution gifi-indicator thy-
mol blue of homogeneous density. In these experiments the
momentum flux generated by the source can be measured
directly by measuring the volume fluxthrough the nozzle.
The momentum flux per unit depth of the layer can then be
estimated as follows:

_q

dh’
This method, though it provides a convenient method of
measuring the main control parameter of the flow, is some-
FIG. 10. Typical view of the developing continuous vortex dipole in the what more challenging than that used in the experiments in a

laboratory experiment. Current 0.3 A=15 s (a), 18 s (b), and 30 s(C). two-layer fluid as ?t is more difficult to avoid disturban_ce_s
Black circle is the magnet of diameter 0.5 cm. due to small density differences between the dyed fluid in-

J
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' From the expression for pressure similar(#) (e.g., Voro-
1 213 J paye\_/et al®) one can obtain the component of the potential
w0 0 00002220885 ] velocity:
£ 00 8as”
5 g g848° - o gaaaee ™" 10/ x _
a R LLL u=-Jt——| —3 | (continuous sourge (20)
o " oao® of 419X |X|
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FIG. 11. Distancd. for different times measured for continuous dipoles in Note that the dimensions of the force amplitudgl

the laboratory experiments (squarey 3 (triangleg, and 5 (circles in =472 and[l]:L“T‘l are different from those in the planar

Table II. . . . . .
case. The displacement of the starting axisymmetric vortices
for continuous and impulsive sources, respectively, can then

jected from the nozzle and the fluid in the tank. To avoid thisP€ obtained similar t¢10) and(11) in the form
problem we used thgH indicator for the visualization of the 1/4
flows rather than regular dyes. However, these experiments L(t) = (‘) t2, (22)
were conducted only for the limited range of the variation of
the momentum fluxJ. Parameters of the experiments are |\ 14
summarized in Table l{experiments 11-13 L(t) :< ) t4/4, (23
Measurements of the distantetraveled by the dipoles
in both series of the experimentBig. 11) gave results that This result allows us to explain the experimental restilts
were similar to those obtained in the numerical simulationswhere the dependende~t'2 was observed for a starting
The measured exponent for the laboratory flows was axisymmetric flow in a density homogeneous fluid. It is in-
=0.66+0.04(Table 1) for the asymptotic regime of the flow teresting to note that the same dependence was also observed
evolution. The values of the coefficieatare given in Table in the experiments where starting dipoles were generated in a
Il and plotted in Fig. 5 together with the similar data from continuously (linearly) stratified fluid®* The dipoles were
the numerical simulations. The graph shows that laboratorgenerated by a continuous source acting in the horizontal
experiments are in accordance with the numerical simuladirection. The effect of stratification was therefore to make
tions. The same tendency for the measured coefficients tge flows planar. The flows were planar because the vertical
deflect from their theoretical values with largkis observed.  velocity was effectively suppressed. They were not, however,
This is the result of the finite extent of the forcing region two dimensional since the flow expanded in the vertical di-
which is approximately equal to the size of the magret 2 rection due to viscous diffusion of the momentum. The indi-

=0.5 cm in the experiments. cation of this intrinsic three dimensionality was the behavior
of the global characteristic of the flow such as the length of
V. DISCUSSION AND CONCLUDING REMARKS the dipoleL which varied in accordance with the dependence

In summary, it can be concluded that the theoretical- ~ 1% as predicted by22) for three-dimensional flows.

analysis reported in this article provides an accurate approxi- 1 he results obtained herein allow us to offer a simple
mation of the flow for continuous and impulsive starting di- (€St for two dimensionality of a liquid system in laboratory

poles. Our hypothesis on the velocity of the stream which iexperiments. This is important in the experiments where it is

required for this approximation turned out to be quite acCu_desirable to achieve a flow which is as close as possible to

rate as demonstrated by the quantitative comparison of thg€ing two dimensional such as, for example, in the experi-

theoretical results with the results of our numerical simula-Ments with two-dimensional turbulence. A continuous dipole

tions of dipoles as well as with the results of laboratory ex-2n be generated in such a system by a forcing of the mag-

periments. The theoretical result which predicts the powepitude characteristic for the particular experiment planned in

law asymptotic behavior of the flow turned out to be espe!liS system. If the dipole exhibits the asymptotic regime

cially robust even when additional factors such as the bottontivhereL ~ 2, the syf/tzem is close to two dimensional. If, on

friction in the laboratory experiments affect the flow. the other handl~t"* the system is rather three dimen-
The analysis of translational motion of the vortex struc-Sional-

ture at the front of a starting jet, similar to that developed in

this paper for planar flows, can easily be performed for axi-:ACKNOWLEDGMENTS
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