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Flight in a viscous fluid: Asymptotic theory of the vortex wake
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Solutions for the three-dimensional distributions of vorticity in the wake behind localized forces
moving in a viscous fluid are obtained. The forces simulate the drag, thrust, and lift forces applied
on the fluid by a flying animal such as a small insect. Concentrated vortex tubes in the wake are also
illustrated in a visualization experiment where a ‘“virtual” insect is modeled using the
electromagnetic method of forcing. @005 American Institute of Physics
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Compact vortex structures are generated in a viscouthe thrust force acting on the fluid in the direction opposite to
fluid when some distribution of force is applied locally. If that of the translation of the body should be considered as
such a distribution can be reduced to a single force applied atell. Previously, only the solutions for the single force which
a point, the generic types of vortex structures generated bsepresents the drag force or the force doublet which repre-
the force are a vortex dipole in a two-dimensiof@D) ge-  sents the drag-thrust couple have been considetéetein
ometry or an axisymmetric vortex ring in 3D. The solutionswe apply this approach to obtain the solution for the lift force
for the problems where the forcing can be formally presentedvhich is applied in the direction perpendicular to that of the
by the Diracé function were obtained previously by different translation of the body. Within the general context of flows
authors(Slezkin; Landau and LifshitZ, Sozou? Cantwell!  generated by localized forcing, some particular applications
and Voropayev and Afanasydv If the forcing translates in  should be mentioned. These applications include the quanti-
the fluid with constant speed generating a vortical waketative description of wakes behind swimming microorgan-
similar solutions can be obtained in the Oseenisms or flying insects. Flying or swimming animals are
approximatiorf’ These solutions describe the far-field wake known to create compact vortices in their wakes including
behind a bluff body moving in fluid. Different moving ob- vortex rings or dipoles as they apply force periodically on
jects can be effectively reduced to a combination of spatiallythe fluid by flapping their wings or tails. Lighthflwas the
localized forces acting on the fluid within sontmoving  first to conjecture that vortex rings should appear in animal
volume if one is interested in the flow sufficiently far from wakes. Since then vortex structures in wakes have been ob-
the object, at distances more than a few typical body sizeserved and measured experimenta#yg., Kokshayskyand
The force moving with a velocityJ is equivalent to the Speddinget al’®). However, details of the topology of the
problem where the force is fixed at the origin while the fluid vortical wakes generated by the animals can be extremely
is moving with the velocity Y in the opposite directiofsay  complex and therefore difficult to interpret from the experi-
along thex axis). Vorticity (w=curlu, whereu is the veloc- mental data.
ity vector generated by the forcing is then transported away  The Reynolds number is small for the motion of micro-
by the flow(advectively and diffuses due to viscous effects. organisms(Re<1), moderate for insect§Re~ 10?), and
The problem is therefore to solve the equations of motiorrelatively large for birds(Re~10%. Our approximation is
(the Navier-Stokes equationsvith the appropriate point best suited for the flows with lower Reynolds numbers. For
forcing in the right-hand side. This problem is by no meandarger Re, the important difference between the solutions and
simple but it can be reduced to a linear problem if we neglecthe real flows is that vorticity is more concentrated, such that
the transport of vorticity by the flow itselfself-induction the vortex rings are thinner rather than being of donut-like
and consider only the transport by the uniform stream okhape as predicted by the solutions. The vortex rings also
velocity -U. This constitutes the Oseen approximation whichtranslate due to the self-induction mechanism. Surprisingly
is valid when the viscous effects are important and the selfthe general topology of the vorticity surfaces remains invari-
induced velocity is less thabl. The relative importance of ant and is still described well by the theoretical solution even
advection and diffusion is characterized by the Reynoldgor relatively large values of Re.
number, RetJL/v, wherelL is a typical size of the object In the framework of the proposed approximation we can
andv is the kinematic viscosity of the fluid. imagine the following physical mechanism of the flow. At

A moving bluff body experiences a drag force. The ef-each infinitesimal moment in time the force at the origin
fect of the body on the fluid is therefore described by thegenerates vorticity in the vicinity of the origin. The vorticity
reaction force of the same magnitude and acting in the opmoves away with the fluid particles and diffuses. In the co-
posite direction. If the body is self-propelled, the reaction toordinate frame moving with a fluid particle the evolution of

vorticity is then described simply by the solution of the dif-
dElectronic mail: yakov@physics.mun.ca fusion equation where the vorticity was created by the force
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acting impulsively in time when the particle passed the ori-
gin of the stationary coordinate system. These solutions wer¢
obtained previously both for two and thréaxisymmetri¢
dimensions. The last step in solving the equation of motion is

to integrate the previous distributions of vorticity for all fluid
particles taking into account the appropriate displacement oin g
the particle and time delay from the moment when the vor-
ticity was generated such tfiat

t
w(X,y,zt) = f o[ x=-U(t-17),y,zt- 7]d7. (1)
0

FIG. 1. Rear view of the vorticity isosurfaces generated by constant drag
and lift forces applied at the origin of the coordinate system.

Here w, is the solution for the vorticity generated by the
impulsive forcing. If the force is directed along theaxis it

generates the vortex ring with and z components of the _ 2o
vorticity vectof (wy,®,) = Im[b*K_(abr)](-zy) (thrusp, (6)

I - o=~ Yo Im[b¥?K_3/(abr],
(wy,0;) = 62 exp(- r?/avt) (- zy) = & (- 2,y),
(2

Wy =X |m[b3/2K_3/2(abr)]

- ro Im[bY?K_;,(abn)] (lift), (7)
wherel is the kinematic momentum transferred to the fluid
by the forcing and =(x?+y?+2z%)2. Similarly for the forcing
directed along the axis,

whereb=(1-4ivQ2/U?)Y2, Arbitrary time dependence of the
force magnitude can then be taken into account using the
sum of Fourier harmonic&)—(7).

To illustrate the topology of vorticity in the wake con-

(wy,@y) = (=Y, X). (3 sider specific values of control parameters which could char-
A flying animal experiences a drag force and generates gcterze the flight _of a small insect. If an insect of size
thrust force to overcome it. Similarly, the lift force equili- =0-> €M moves with the velocity=15 cm/s through the

brates the weight of the body. Newton’s third law requires&!" |2t experiences a drag foer:D:CDLZPL_JZ_/ZZE’

that the reaction forces applied to the fluid by the animal are< 10 dynes. Here we estimated the drag coefficiptto

of the same magnitude but of opposite direction. While drad’® a@Pproximately 1.5 as that for a sphere for Re=50. Sup-
remains approximately constant if the animal moves withP0S€ that the weight of the body is of the same magnitude.
constant speed, the lift and thrust forces are applied impul! "€ average thrust and lift forces will then be equal to the
sively during the downstroke of the wings. The steady-stat&rag force as well. Typical vortices generated by constant
(t— o) solutions for constant drag or lift forces can be eas”ydrag and lift forces are illustrated in Fig. 1. The vortex due to

obtained in explicit form after integration d®) or (3) as the drag force is a cone with a hqle inside an<_j is in fact a
vortex ring stretched along the axis by the “wind.” The

follows: ) . .
diameter of the cone increases downstream due to the vis-
U3 cous diffusion of vorticity. The vortex due to the lift force is
(wy,0,) = 53 25 exp@ax)K_g(an(-zy) a horgeshoe—ll!(e vo_rtex. The cross section of this horseshoe
TV is a dipole which will propagate downwards by the mecha-
= oK _g(ar)(-zy) (drag, (4)  nism of self-induction if it is allowed to do so. This vortex is

of the same dynamical origin as the tip vortices of an air-
plane (low aspect ratio wing or the vortices observed in
wy =~ YK _zp(ar), smoke rising from a chimney in a crosswind. If the insect
applies the lift and thrust forces only in a certain time inter-
val during the wing flapping cyclésay during the down-
wy = XK _gp(ar) —roK_yyar) (lift). (5  stroka, distinct vortex rings are formed in the wakEig.
2(a)]. The rings formed during the downstrokes, when lift
HereJ is the intensity of the continuous force which delivers and thrust prevail over the drag, are oriented at 45° to the
constant kinematic momentum flux per unit tineesU/2v,  horizontal planethe magnitudes of lift and drag forces are
andK is the modified Bessel function of the second kind. equal in this cageThe rings in between these are mostly due
If we specify the magnitude of the force to vary har- to drag and are aligned with the axis. Insects and birds
monically as sif(t), the solutions can be obtained in a simi- (perhaps to a larger degpeean also perform gliding flight
lar manner by integration of impulsive solutions whose mag4ust like airplanes do. In this case between the strokes the
nitude is modulated by the same harmonic factor. For thevings are not moving but the angle of attack is chosen so as
forces directed along the or z axis we obtain to provide just enough lift to support the weight and to not
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(b)

FIG. 2. Three-dimensional surface of constant vorticifyz 1 s2. (a) Front
view of the isosurface of the total vorticity squared when the lift and thrust
forces are applied in pulses while the drag force remains congtar@ame

as in(a) but the lift force remains constant between the pulses. The direction
of the momentum transfer by the vortex rings is indicated by arrows. Scale]
is in cm. Fp=pJ=0.05 dynes,U=15 cm/s, v=0.15 cni/s, the average
thrust and lift forces are equal to the drag force, square pulses are of dura
tion of 1/5 of the period of the main cyclE=27/Q=0.07 s.

lose altitude. This scenario is modeled in Figo)2vhere two

vortex tubes of opp05|tely S|gne_d component of vorticity FIG. 3. (Color onling. Vortex tubes in the wake of a body moving in water

are formed between the vortex rings. and with the lift force applied vertically downwards. Top viea) Lift force
Laboratory experiments can elucidate the effects of selfis applied continuously, velocity of the bodylis=0.5 cm/s (b) Lift force is

induction tiIting and reconnection of vortex tubes as well aSapplied periodically during the time intervals of 3 s with the same interval
.. NS . etween the forcing)=0.5 cm/s.(c) Same as irib) but for larger velocity

their interactions with a free surface that are not accounteg_; /s

for by the theoretical solution. Localized forcing can be

modeled in the laboratory using an electromagnetic method.

If an electric current flows through saline water and a maginquction of vortices. The upper arc of ti is advected
netic field (such as from a permanent magn&t applied  downwards such that the entire structure appears to be in-
locally to the fluid, the resulting force on the fluid will be in ¢jined with respect to the horizontal plane. The theoretical
the direction perpendicular to both the current and the maggo|ution which does not take into account this effect predicts
netic field. By varying the magnitude of the current and theihe () vortices lying strictly in the horizontal plangf the
orientation of the magnetic field we can simulate differentinryst force is not considergd or the flows in Figs. @) and
force configurations as well as time dependences. Here wgp) the Reynolds numbefRe=30 is below the threshold
demonstrate the results of qualitative visualization experiyajye when instability in the form of periodic vortex shed-
ments where a bluff body of relatively small siatiameter  ging starts. For larger values of the Reynolds numife

0.7 cm moves with constant speed in water. The body ap—g0) vortex tubes generated by the lift force become recon-
plies constant drag force on the fluid. A small rare-earth per-

manent magnet in the rear end of the body provides a mag-
netic field in the streamwise direction while the electric U
current flows in a spanwise direction between two electrodes
in a tank. The resultingLorent? force on the fluid is then
directed downwards. It generates two vortex tubes of oppo-
site sign[Fig. 3(a)]. A starting vortex ring can also be seen at
the extreme right in Fig. @). If the lift force is applied
periodically during some time interval to simulate the down-
strokes of the wings of the insect, the interconnected vortices
in the form of the Greek lettef) are formedFig. 3b)]. A

Sk?tCh in Fig- 4 illustrates the topology of theQevortices.  rig. 4. sketch of the vortex tubes behind a body applying the lift force
This experiment clearly demonstrates the effect of selfperiodically.
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nected with the vortices which occur due to the instability °L. D. Landau and E. M. LifshitzFluid Mechanics(Pergamon, Oxford,
[Fig. 3(c)]. The flow in this regime is topologically more 1987.
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