
Rewrite Taylor series

① f- ex-h) = fix ) - hfTx ) + h%f
"

ex ) - h%
:
f "Éx ) + . . .

② f- (✗ + h ) = f- (x ) + hf ' ( x) + Yzf
"

Ix ) + h% , f
'"

(x ) + . . .

Subtract : ② -①

* f(✗ + h) - f- (x -h)= 2h f-
'

ex ] + 2h33 ! F'
"

(x ) + 0145)

fix) = f¥Eh ) + Oci)

f ! = f +0142) centred difference or"i-i
3-point formula

add : ① + ②

fit , + fi
- ,

= zfi + life.
"

+ 0144)

fi
"

= Fi+E , + Ich
'

)

can generate higher order differences

E.g.
f- (✗+2h) - flx -2h) = 4h fix ) -12 ( 2k )

>
f
"

'm , + Och 5)
-3!

8h3 f
"

'(× ) = f(✗ + 2h ) - 4h fix) - fix-2h ) + 0145)
3-

↳ plug into * to get

fix ) = Eh [ f- (x -2h ) - 8flx - b) + 8fcx+h ) - fcx + 2h ) ] + 01h
")

5- point formula



fi = ÷, ( fi, - 8fi , , + 8fi+ , - fi+z ) -10144)

2

accurate to order h "s
described as 4th - order accurate

truncation error is O(4
")

As we have seen
,
subtraction reduces precision ,

so it is advantageous to reduce the number

of subtractions

fi
'

= # [ (f :-< + 8f;+ ,
) - ( fi+z+8fi

. .
) ]



Non - uniformly spaced data

•
°

•

•

i il si Sti = ✗it ,
- Xi ⇒ constant

one option : fit data to analytic function and then take derivative
- useful if there is theoretical motivation for the fit

- can introduce artefacts : extra peaks , rounded
Kinks

✗i - i
✗ i ✗ it ,define hi = ✗it ,

- ✗ i • • •

=
hi
- ,
=

Xi - Xi -1 hi- , hi

✗it ,
= ✗it hi

write Taylor series ✗i - i
=

Xi - hi
- ,

f- cxi± , )
= fcx ;) + ( xi± , - ✗i )fÉxi ) + 'z(xi± , -Xi} f-

"

(x ;) -1 . . .

or

fit , = f
;

+ hi fi
'

+ Eh ? fi
"

+ d( 43)

2

fz.
"

fi - , = fi - hi, Fi
'

+ I hi . , + Cl (43 )

algebra L (eliminate fi
"

)

ffxij-fi-hi-i-f.in?..-i.-...i-:..-;-hi-i-.+oa7
3- point formula for non-uniform data



Richardson Extrapolation
Can construct algorithms to get derivatives to

arbitrary order ( but using higher order methods
means assuming f

"
is smooth )

For fix) : Let b. (h ) = fcxth) - fix - h )
2h

1,1h ) = f- '(x ) + dlh ' )
can show that ( 5- pt formula )

sich ) - 4s , ( hh ) = - 3f'cx) + 0Th ")

and S
, ( h ) -20s , /E) +64s ,( ¥ ) = 45 flex) + 0146)

etc

can determine the coefficients for higher orders systematically
•

write s.ch) = f h ) = fix ) + ⇐ Czkh
"

call Tko = b. (E)
can show

4hThe =
- Fk - ie - I

*
"kl" ¥

,

for oses k leads to

fix> = The - É Bme ( In)
"

m=ltl



where Bke = 4h + 4k Bka ,
¥

and

Bkk = 0

Example : k= 1,1=1

fix) = IT ,
- É Bme ( Iz )

"

m=3

fix) = Mo - e- Too + 01h4)
4
'
- l 4

'

-1

Too = S
, / h )

F. ☐ = s , ( Mz )

f- '1×3 = 4-31 , / E) - § S.ch )
+ 01h ")

or sich ) - 41 , (E) = - 3. f- ' (x ) + 01h " ) as before

can apply similar method for higher order derivatives

Let szch ) = fh÷¥x+h )

= f- " (x ) + ②(42)

can show

szlh ) - 4s , (E) = - 3 f- " (x ) + 0144)

same form as with f-
'

(x ) but with

S
, replaced with sz



Error analysis
as h decreases truncation errors decrease but

+rune roundoff error from subtraction
increases☒ no '

error C- = C- +rune
+ Groundoff

c- is minimized when C-true
⇒ Ero

Ero from subtraction fcx -1h ) - fix ) is e-row c-mfcx)
h I

c- trunc : forward difference centred diff

01h )
,
= hzf "C× ) 04h2)

,

= h
' f " '(× )
5

minimum error ( best you can get ) when C-ro = Etr

f- Em 2

g

f
'"

- = HED f " FEM
= he
,

I -

HFD HCD

Assume for simplicity F- f 's f "'t f
" '= 1
, Em

= 10-15 double
pree .

HFD = @ Em)
""
= 4×10-8 has = (3.Em)"3 = 2×10-5

C-FD = Em I 3×10-8 C- CD
= C-

µ = 5 ✗ to
- "

-
-

HFD hes

centred diff
. gives smaller optimal error with a larger step

size .



Integration area

I = fbfcx)dx → ~
a

under
b

curve

Before computers , approximated areas with quadrilaterals
- approach called numerical quadrature

Recall Riemann definition / rectangle rule
sum over rectangular areas , take limit as

width h = Xie ,
- ×;

→ 0 b¥
I = Jim [ hfcxi )

h-70 5=1

For finite h (4+-0) , in general
b N

£ fix)dx '

= I fcx ;) W; for N points in [ a > b ]
5=1

- different algorithms yield different
"

weights
"

Wi

( for rectangles Wi = h )

Trapezoid rule
- use N points spaced evenly apart by h

✗ i = a + ( i - 1) h
,
i = 1

, . . .
N

- there are N - l intervals h = bn÷
-

over each interval
,
area is approximated by area of trapezoid

# Ai = h 'z(fi + fit , ) = hzfi + hzfi+ ,

Xi Xi -11


