
von Neumann Stability Analysis
Recall solution to the wave eye 02m = c- die

⇒ z

by Sep . of variables
⇒

• ee

least )= ylx)f(t)
→ f = - coif

y
"

= - tiny

we've seen that Ey → Aj with A tridiagonal on

0×2
discretization

so the separated eq
"- s are eigenvalue eg=s

and the K 's are eigenvalues

The sof is of the form [ ( annsinwnt + buncos wut ) sin Kay
un

so consider a contribution to the discretized solution

uj = cos / Wmnst ) sinlkmjsx ) -@
"t) " siuckmjsx )

n ikjsx
or generally uj = { e

Teigenmode contribution to sold with k =

How does it grow in time ?

Increasing time means increasing powers of {

Solution is unstable if 131 > 1 for some k



Recall
"

simple
"

algorithm for advection eq
'

day =
- c du

Jx
TEuler Tcentred

n"

= u; - Est ( Uji , - Uj - i)^Uj
2

sub in uj = { e.
" k" 'd

zntieiksxj = {neiksxj - ± cyt qnfeiksxjeiksx - eiksxj e-
iksx )

I ZSX

} = I - icstxsinlksx )
⇒ 131 > 1 for all k .

'

. unstable

For Lax Method

uj"= z(uj+ ,
+ uj. .) - est ( u^j+ ,

- Uji , )
Tsx

{
+ ' eik-✗5.

{ {neiksxifeiksx-e-iksxj.ie#zneiksxj(eiksx-e-iksx)i2sx

{ =
cos ( ksx) - i cs¥

,

sincksx)

1512 = coszcksx ) + (cztxjs.ie/ksx )

1312<1 if (cs¥j< I o -

s÷f > c



Elliptic Equations - PDEs in matrix form

we've already seen I -D Poisson eq
'

.
Now 2 -D

die ←
du = pcx, y )

-0×2 Jyz
disc -etize : xj

= Xo + jh , j = 0,1 , . . . J

ye
=

yo + lh ,
1=0

,
1
, . . .

L

using 0¥, → ¥ ( uj-ii.e-ZUj.e-uj.me ) gives

Ujti.e-uj-i.lt Uj ,e+ , + Uj,e - i
- 4Uj,e = hZpj,e

ÑAsiDE : can rearrange eq=

Uj , l = 1-4 ( Uj -11,1 + Uj.nl + Uj ,l+ , + Uj , e- 1)
- h÷Pj,l

1.e. Uj ,e is the average value
of its neighbours plus a direct

contribution from p .
This forms the basis for relaxation

methods
,
the simplest of which plugs in old values of Uj ,e

in the RHS to generate new values - iterating until results {
converge ( Jacobi method ) - un

want to make Uj ,e a single I -D vector (not 2 -D matrix) .

call I =j( L + 1) + l for j= 0,1 , . . . J and

I = 0,1 , . . .
L



e.g.
J =L =3 (4×4)

3 • • • • 16 points
z
• • • •

4 columns
L ,

• • •
o

o ⑨ 6 o •

O l 2 3

j

j=o → i =L 0
,

1
, 2,3 ( column 1)

j=l → i. 4+1 4
, 5,6 , 7 column 2

j=2 → i = 8+1 8,9 , 10,11 Col 3

g- =3
→ 5=12+1 12

, 13,14 , /5 Col 4

( j ,l ) = ( 0,0) (0,1) ( 0,2) (0,3) ( 1,0) ( I > 1) ( 1,2) . - . (3,2 ) (3,3 )

I = 0 I 2 3 4 5 6 14 15

for j→j -11 , i → i + (Lti)

j→j -1 , i → i - (< + i]

l→l+ , i → 2- + I

l→ l - l i → i -1

Difference eg
?

Uj+ , > e-iuj-ye-llj.ee , + Uj ,e - i
- 4Uj,e=ÑPj,l

becomes

Ui -1L -11
+ Ui- (2+1)

+ Ui -1 ,
+ Ui - n

- 4 Ui
= hZpj,e

a
4 neighbours of Ui

holds only at

j= 1,2 , . .. J - l l = 1,2 , . -.
L - l



←
e.=L

ytAt boundary points :

j= 0 → I = 0
,
- . . L

j=o→
"
j=J

j=J → i = JCL -11)
,
JCL -11) -11 ,

J (Ltl) -12 , . . . JCL -11)-1L Ty , o
→
X

L - o → i = 0
, L -11 , 2cL -11) , . . - JCL -11)

I = L → I =L, (2+1) -1L , 2cL-11) -1L , . . . JCL -11 ) -1L

must specify either u or its derivative

E.g.
If
, says , /

×,,y=°

→
Us,e - Ug - i ,e

= 0 → UJ,e
= UJ - i ,l

a-
•r Uiright boundary

= Ui rightboundary - ( Ltl )

with i rightboundary given above for g- = J case

-

2nd derivative at an interior pointyh -

☒ •

B A is evaluated using 4 nearest

neighbours ( j -1-1,1+-1 ) and itself

( j ,l )

nmA§m
- Boundary points B must be specified

y , -

or%
Ij ×

'

. I
'

✗J - with periodic boundary conditions

2nd derivative at B involves point ☒



Solving the PDE reduces to solving
→

Air = b where A is tridiagonal with fringes
a.k.a. a band matrix
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Each sub -block is (2+1)×(2-11) in size

There are (5+1)×(5+1) sub-blocks → A is ⇐ + 1)( Ltl) ✗(g-+ 1)( Ltl)

Use linear algebra routines for band matrices

=

Names of relaxation methods include

- Gauss- Seidel

- Successive Over - Relaxation


