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ned with those found by Siegbahn from crystal dif-

a comparison of values so obtai
late the following relation between the relative and

fraction. it was possible to calcul
absolute units:

1 kX = 1.00202A.
This conversion factor was adopted in 1046 by international agreement. Later work
595&5%»025& of this factor, and the relation is now believed to be

1kX = 1.002056A%. (3-16)

Note that this relation is stated in terms of still another unit. the A’ unit, which was
introduced because of the still remaining uncertainty in the conversion factor. The
difference between A and A is only some five parts per million, and the distinction
between the two units is negligible except in work of the very highest accuracy.

The present situation is not entirely clear, but the wavelength tables published
by the International Union of Crystallography [Vol. C. G.1], which are reproduced
in Appendix 7, are the best available values.

The distinction between kX and A is unimportant if no more than about three
significant figures are involved, because the kX unit is only about 0.2 percent larg-
er than the angstrom. In precise work, on the other hand, units must be correctly
stated. and on this point there has been considerable confusion in the past. Some
wavelength values published prior to about 1946 are stated to be in angstrom units
but are actually in kX units. Some crystallographers have used such a value as the
basis for a precise measurement of the lattice parameter of 2 crystal, and the result
has been stated, again incorrectly, in angstrom units. Many published parameters
are therefore in error, and it is unfortunately not always easy 10 determine which
ones are and which ones are not. The only safe rule to follow, in stating a precise

parameter, is to give the wavelength of the radiation used in its determination.

Similarly, any published table of wavelengths can be tested for the correctness of its
aracteristic line, Cu Ka, for

units by noting the wavelength given for a particular ch:
example. The wavelength of this line is 1.540562 A" (1974 value, 1.002056 as con-
version factor), 1.54051 A (1946 value, 1.00202 factor), or 1.53740 kX. See

Appendix 7 for the estimated accuracy of the wavelengths listed there.

3-8 DIFFRACTION METHODS

Diffraction can occur whenever Bragg's law, A = 2d sin 8, is satisfied. This equation
puts very stringent conditions on A and @ for any given crystal. With monochromat-
ic radiation, an arbitrary setting of a single crystal in a beam of x-rays will not in
general produce an

devised, and this can be done by continuously varying either A or 8 during the
experiment. The ways in which these quantities are varied distinguish three main

diffraction methods:

y diffracted beams. Some way of satisfying Bragg's law must be-
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Figure 3-9 (a) Transmission and (b) back-reflection Laue methods.
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Figare 3-12 Stereographic projection of trans-
mission Laue method.

to this zone, P, to P, lie on the great circle shown. The direction of the beam dif-
fracted by any one of these planes, for example the plane Py, can be found as fol-
lows. I, P,, D, (the diffraction direction required), and T are all co-planar. Therefore
D, lies on the great circle through [, P,. and T. The angle between [ and P, is
(90" — @), and D, must lie at an equal angular distance on the other side of P,, as
shown. The diffracted beams so found, D, to Ds, are seen 1o lie on a small circle. the
intersection with the reference sphere of a cone whose axis is the zone axis.

The positions of the spots on the film, for both the transmission and the back-
reflection method, depend on the orientation of the crystal relative Lo the incident
beam, and the spots themselves become distorted and smeared if the crystal has
been bent or twisted in any way. These facts account for the two main uses of the
Laue methods: the determination of crystal orientation and the assessment of crys-
tal quality.

The Ewald sphere treatment of diffraction of a single wavelength A from a crys-
tal can be readily extended to the Laue method where multiple A are incident. The
range of wavelengths used is represented by a series of parallel incident beams,
each with a different length proportional to 1/A;. Note that each of these vectors
terminates at the origin of the reciprocal lattice, and each has a different origin
(Fig. 3-13). Thus, each incident beam 8,/A, has a corresponding Ewald sphere touch-
ing the origin of the reciprocal lattice and having radius 1/A,. All of the different
8,/A; pass through the origin of the reciprocal lattice, and the corresponding Ewald
spheres have centers lying on the line OACDB of Fig. 3-13, i.e., the incident beam
direction. The range of wavelengths present in the incident beam is of course not
infinite. It has a sharp lower limit at Agw,. the short-wavelength limit of the contin-
uous spectrum; the upper limit is less definite and depends on experimental factors
such as whether the transmission or back-reflection geometry is being used. In the
example of the Ewald sphere construction shown in Fig. 3-13, the upper wavelength
limit is taken as the wavelength of the K absorption edge of the silver in the emul-
sion (0.48 A), because the effective photographic intensity of the continuous spec-
trum drops abruptly at that wavelength [see Fig. 7-5). This choice is most appropri-
ate for transmission Laue patterns of crystals which are quite absorbing since the
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Rotating-Crystal Method

In the rotating-crystal method a single crystal is mounted with one of its axes, or
some important crystallographic direction, normal to a monochromatic x-ray beam.
A cylindrical film is placed around it and the crystal is rotated about the chosen
direction, the axis of the film coinciding with the axis of rotation of the crystal
(Fig. 3-14). As the crystal rotates, a particular set of lattice planes will, for an instant,
make the correct Bragg angle for diffraction of the monochromatic incident beam,
and at that instant a diffracted beam will be formed. The diffracted beams are again
located on imaginary cones but now the cone axes coincide with the rotation axis.
The result is that the spots on the film, when the film is laid flat, lie on imaginary
horizontal “layer” lines, as shown in Fig, 3-15. Since the crystal is rotated about only
one axis, the Bragg angle does not take on all possible values between 0 and 90"for
every set of planes. Not every set, therefore, is able to produce a diffracted beam;
sets perpendicular or almost perpendicular to the rotation axis are examples.

The Ewald sphere construction for monochromatic radiation can be used to
illustrate why beams diffracted from a single crystal rotated about one of its axes
lie on the surface of cones coaxial with the rotation axis, This interpretation of the
patterns of diffraction spots was emphasized by Bernal [3.10]. Suppose a simple
cubic crystal is rotated about the axis [001]. This is equivalent to rotation of the
reciprocal lattice about the b, axis. Figure 3-16 shows a portion of the reciprocal lat-
tice oriented in this manner, together with the adjacent Ewald sphere.

All crystal planes having indices (hk1) are represented by points lying on a plane
(called the “/ = 1 layer”) in the reciprocal lattice, normal to b, When the reciprocal
lattice rotates, this plane cuts the Ewald sphere in the small circle shown, and any
points on the / = 1 layer which touch the sphere surface must touch it on this circle.
Therefore all diffracted-beam vectors §/A must end on this circle, which is equiva-

Figure 3-14 Rotating-crystal method.
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Figure 3-16 Reciprocal-lattice treatment of rotating-crystal method.
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Fig. 3-16. In addition many hk( and hk1 reflections would be produced, but these
have been omitted from the drawing for the sake of clarity.

The chief use of the rotating-crystal method and its variations were in the deter-
mination of unknown crystal structures, but the complete determination of complex
crystal structures is a subject beyond the scope of this book and outside the
province of the average materials scientist/engineer who uses x-ray diffraction as a
laboratory tool. Analyzing patterns consisting of layer lines of diffraction spots
Temains important however, for polymers and is covered in Chap. 18,

Powder Method

In the powder method, the crystal to be examined is reduced to a very fine powder
or already is in the form of

for diffraction; Fig. 3-17(a) shows one plane in this set and the diffracted beam
formed. If this plane is now rotated about the incident beam in such a way that 0 is
kept constant, then the diffracted beam will travel over the surface of
shown in Fig. 3-17 (b), the axis of the cone coinciding with the transmitted beam.

Equivalently, one can imagine rotating N, about S, while keeping the angle
between them equal to 90° — g degrees.

N

Figare 3-17 F ion of a diffracted cone of radiati in the powder method




Chapter 3 piffraction I: Geometry

"This rotation does not actually occur, but the presence of a large number of crys-
tal particles having all possible orientations is equivalent to this rotation, since
among these particles there will be a certain fraction whose (hkl) planes make the

correct Bragg angle with the incident beam and which at the same time lie in all
dent beam. The hkl reflection

possible rotational positions about the axis of the inci
e form of a conical sheet of diffracted

from a stationary mass of powder thus has th
each set of differently spaced lattice

radiation, and a separate cone 1s formed for
planes.

Figure 3-18 shows thr
fraction method. In this, ¢
strip of film is curved into a short ¢y

the incident beam directed at right angles &
ation intersect the cylindrical strip of film in lines, and when the strip is unrolled and

\aid flat, the resulting pattern appears as in Fig. 3-18(b). Actual patterns, produced
by various metal powders, are shown in Fig. 3-19. Each diffraction line is made up
of a large number of small spots, each from a separate crystal particle, the spots

lying so close together that they appear as a continuous line. The lines are general-
ly curved, unless they occur exactly at 26 = 90° when they will be straight. From the
measured position of a given diffraction line on the film, # can be determined, and
from 8, knowing A, the spacing d of the diffracting lattice planes which produced the

line.
Conversely, if the shape and size of the unit cell of the crystal are known, the
he film can be predicted. The line of low-

position of all possible diffraction lines on {
est 26 value is produced by diffraction from planes of the greatest spacing. In the
cubic system, for example, 4 is a maximum when (i + &k + P) is a minimum, and
the minimum value of this term is [, corresponding to (hkl) equal to (100). The 100
reflection is accordingly the one of lowest 26 value, The next possible reflection will
have indices hk! corresponding to the next higher value of (% + k* + I*), namely 2,
in which case (hkl) equals (110), and so on.
The reciprocal lattice of a randomly oriented powder sample consists of a series
of reciprocal lattice (rel) shells centered on the origin of the reciprocal lattice.
Remembering that all orientations are equally likely for a random powder sample,
constructing the reciprocal lattice representing the powder is straight-forward: first
draw the reciprocal lattice for a single grain and second rotate the reciprocal lattice
points through all possible orientations. Each reciprocal lattice point hkl for the
crystal becomes, therefore, a sphere of radius 1/dy,, centered on the reciprocal lat-
tice origin (Fig. 3-20a). For an inci
§,,, simultancously satisfy Bragg's
section of the rel shells and the Ewald sphere and c

ee such cones and also illustrates a common powder-dif-
he Hull/Debye-Scherrer method [3.11, 3.12]. a narrow
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Figure 3-21 Illustration of the role of the slit on the detector in measuring diffraction peaks in powder
diffractometry. Two diffraction cones are shown, Ny is the normal to the sample, DA is the diffractome-

ter rotation axis; and 8,, Ng and the portions of §, and 8, (portions of the cones intersecting the slit) are
coplanar.

specimens (early developments are outline in [G.17 and G.18]), the detector inter-
cepts and measures only a short arc of any one cone of diffracted rays (Fig. 3-21).
Note that the diffractometer’s receiving slit is essential to the observation of dif-
fraction peaks of randomly-oriented, fine-grained powders. The diffraction cones
are always present; in fact, cones for all possible hk/ are present simultaneously. The
receiving slit is necessary 1o eliminate all diffracted radiation except that passing
through this very narrow angular window.

Different powder diffraction techniques sample different portions of reciprocal
space, and a complete understanding of diffraction phenomena from a reciprocal
space perspective requires rigorous definition of the reciprocal space sampling
region for each technique. Developing such an understanding is beyond the scope
of this book, and the reader is referred to more comprehensive treatments of recip-
rocal space [3.5].

The Hull/Debye-Scherrer and other camera methods and the diffractometer are
very widely used. Powder diffraction is, of course, the only method that can be
employed when a single-crystal specimen is not available, and this is the case more
often than not in materials work. The method is especially suited for determining
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lattice parameters with high precision and for the identification of phases, whether
they occur alone or in mixtures such as polyphase alloys, corrosion _..E.__.._nﬁ. refrac-
tories, and rocks. These and other uses of the powder diffraction will be fully

described in later chapters.

3.9 EXPERIMENTAL VISUALIZATION OF THE RECIPROCAL LATTICE

The preceding section discussed how the rotating crystal method allowed imaging
of the distribution of reciprocal lattice points in space. Transmission electron
microscopy (TEM) also images the reciprocal lattice directly: planes through the
reciprocal lattice can be seen in certain TEM operating modes. In TEM there are a
series of three or more lenses following the sample and providing the high magni-
fications which make the TEM so useful for materials characterization. The wave-
like properties of electrons allow them to diffract from crystalline samples.
Typically in TEM, electrons are accelerated to 100 keV or higher and have wave-
lengths of 0.037 A or lower. This acceleration allows the electrons to be transmitted
through samples whose thicknesses are on the order of 1000 A. Because electrons
carry a charge, magnetic lenses are effective at focusing electrons (unlike the case
of x-rays where lenses can deflect the photons only a minescule fraction of a
degree.) It is important to note that most materials’ TEM imaging of materials
relies on diffracted electrons to provide image contrast.

The very small wavelength of the electrons means that the radius of the corre-
sponding Ewald sphere is very large compared to the spacing between reciprocal
lattice points or compared to the Ewald sphere diameter for x-rays. For 0.037 A
radiation, the Ewald sphere radius is 25 A compared to ~1 A for x-rays and to
~0.5 A" for the reciprocal lattice spacing. This means that the curvature of the
Ewald sphere is gradual compared to the reciprocal lattice spacings, and that, in the
vicinity of the origin of the reciprocal lattice, the Ewald sphere is essentially a plane
cutting through the reciprocal lattice (Fig. 3-22). As will be seen in Ch. 4, the sam-
ple’s thinness produces reciprocal lattice points which are elongated along the thin
axis of the sample, i.e., rel rods or reciprocal lattice rods, and the rods intersect the
Ewald sphere over quite a large range of 1/d. This section of the reciprocal lattice 3
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Figure 3-22 Reciprocal lattice of the pp—
orthorhombic crystal shown in Fig. 3-6 with
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perfect crystal, can be considered a crystal imperfection, and can lead to peak
broadening. The Ppresence of large numbers of dislocations (i.e., strain) in the grains
of a sample can produce significant peak broadening, The inference of sample
strain or crystallite size from peak widths (or shapes) is an important part of dif-

fraction analysis of materials, and these topics are developed in Chap. 5 and applied
to materials analysis in Chap. 14.

PROBLEMS

3-1A transmission Laue pattern is made of a cubic crystal having a lattice parame-
ter of 4.00 A. The X-ray beam is horizontal, The [010] axis of the crystal points along
the beam towards the X-ray tube, the [T00] axis points vertically upward, and the
[001] axis is horizontal and parallel to the photographic film. The film js 5.00 em
from the crystal,
a) What is the wavelength of the radiation diffracted from the (310) planes?
b) Where will the 310 reflection strike the film?
*3-2 A transmission Laue pattern is made of a cubjc crystal in the orientation of
Prob. 3-1. By means of a stereographic projection similar to Fig. 3-12, show that the
beams diffracted by the planes (210), (213), and (211), all of which belong to the
zone [120], lie on the surface of a cone whose axis is the zone axis, What is the angle

ne, and list in order of increasing angle, the values of 26 and (hkl) for
the first three lines (those of lowest 29 values) on the powder vs:n:._mchvﬁE.QM

with the following structures, the incident radiation being Cu Ka:

a) simple cubic (a=3.00A),

b) simple tetragonal (a = 2.00 A, ¢ = 3.0p A),

c) simple tetragonal (a = 3.00 Ac=200 A),

d) simple rhombohedral @=3004A,a= 807).
3-4 Plot the reciprocal lattice for a polycrystalline wm..:M_o of a material with a sim-
ple tetragonal structure and lattice parameters q = 4.0 andc=5.0 A, (Use a two-
dimensional section through the three-dimensional space),
3-5 Sketch the Ewald sphere construction for 200 diffraction with Mo Ko radiation
and a polyerystalline specimen of a simple cubic substance with a = 330 A,
Graphically determine the angular rotation required to orient the sample for 300
diffraction if a  — 29 diffractometer is being used,
3-6 Diffractometers typically can scan up to, but not beyond, 165° 2¢, For the sam-
ple in Problem 3-4, what are the indices (i.e,, hkl) of the highest angle reflection if

(a) Ag Ke radiation is used, (b) Cu Ko radiation is used and ¢) Cr Ka radiation is
used?




